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A B S T R A C T   

Fluid saturated porous media are abundant in nature and engineering. Existing constitutive 
theories of fluid saturated porous media have largely ignored surface effects, whereas recent 
experimental results demonstrate the importance of accounting for surface effects in constitutive 
modeling at micro- and nano-scales (such as brain tissue, cytoplasm, soil, oil shale, etc.), thus 
raising two critical issues: (1) is classical poromechanics (e.g., the Biot theory) valid at sufficiently 
small scales, and (2) how do surface effects influence the mechanical behaviors of saturated 
porous media? To squarely address these issues, establishing the mechanics of solid-fluid in-
terfaces within the porous media becomes a necessity. Built upon the homogenization assumption 
in the mixture theory and making use of Cauchy’s theorem, we first prove mathematically that 
stresses on solid-fluid interfaces can be expressed by a second order tensor defined at each point 
of a saturated porous medium with surface effects, and then establish a rigorous theoretical 
framework to characterize its mechanical behaviors. Restrictions on various constitutive laws of 
saturated porous media developed in this framework are discussed. As an application of the 
developed theoretical framework, we prove that, at small deformation, the classical Biot theory 
still holds, at least in format, for porous media with surface effects; however, relevant parameters 
(e.g., effective moduli) appearing in Biot’s constitutive laws are dependent upon surface effects. 
This proof not only addresses the first issue, but also lays a solid foundation for theoretical and 
experimental studies of porous media with surface effects. To address the second issue, we employ 
the microstructures of a macromolecular network and an elastic matrix embedded with liquid 
inclusions as prototypes to demonstrate how their mechanical behaviors are related to the 
properties of three constituents (i.e., solid, fluid and solid-fluid interface) and determine explicitly 
the parameters appearing in their constitutive relations.   

1. Introduction 

A fluid saturated porous medium is a kind of material in which fluid fills in the pores of its solid skeleton, and is widely found in 
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both nature, e.g., cytoplasm, liver, skin, bone, cartilage, dentin and fruits (Cowin, 1999; Moeendarbary et al., 2013; Mow et al., 1984; 
Vennat et al., 2015; Wahlsten et al., 2019; Wang et al., 2020; Wei et al., 2016) and engineering, e.g., oil shale, polymer, hydrogel, 
wood, concrete and soil (Avramidis et al., 1992; Clarkson et al., 2013; Ehlers, 2009; Kou et al., 2014; Leij et al., 2002). Ever since 
Darcy’s classical experiments of natural sand (Darcy, 1856), the mechanical behaviors of fluid saturated porous media have been 
extensively investigated theoretically, numerically and experimentally, forming a discipline broadly classified as poromechanics 
(Coussy, 2004). Darcy used a purely experimental method to study the interaction between different components in porous media, and 
provided a formula (i.e., Darcy’s law) to describe fluid flow in porous media. To account for the deformation of solid skeleton neglected 
by Darcy, von Terzaghi (1923) established a set of partial differential equations governing one-dimensional consolidation in porous 
media, thus laying a theoretical foundation for soil mechanics. Subsequently, Biot (1941) presented a three-dimensional constitutive 
law for fluid-filled porous media under small deformation, and solved a series of relatively simple problems analytically. Biot and 
Willis (1957) discussed further how to obtain the parameters in Biot’s constitutive law by experiment measurements. For analytical 
advantages, Rice and Cleary (1976) used stress and pore pressure as new variables to reformulate Biot’s constitutive equations. In the 
following years, the original linear theory was generalized to finite deformations (Biot, 1977; Gajo, 2010; Nedjar, 2013), extended to 
cover inelastic materials (Anand, 2017; Armero, 1999) as well as solve dynamical problems (Leclaire et al., 1994; Williams, 1992). 
These macroscopic (phenomenological) theories are relatively straightforward, enabling solving analytically important 
initial-boundary value problems related to a wide range of engineering practices (Abousleiman and Cui, 1998; Cheng, 2016). However, 
with pore morphology and scale ignored, such theories describe porous media using a phenomenological approach: constitutive re-
sponses are either pre-defined (Nur and Byerlee, 1971) or derived from a macroscopic potential of the overall representative 
elementary volume (REV) (Biot and Temple, 1972; Coussy, 2004). 

On the other hand, in the second half of the last century, a bottom-up approach called the mixture theory, or interactive continuum 
mechanics, was developed to link microscopic deformation and flow in a porous medium with its macroscopic responses. Bowen 
(1980) summarized key findings obtained by him (and others) with the mixture theory for incompressible and compressible porous 
media in the 1960′s and 1970′s. Subsequent studies of porous media mainly evolved along three directions: (1) numerical imple-
mentation of theoretical models (Schrefler et al., 1993), (2) incorporation of different material behaviors into existing models (de Boer 
and Ehlers, 1986a, b; de Boer and Kowalski, 1983; de Boer et al., 1991), and (3) special phenomena in saturated and empty porous 
solids (Baer and Nunziato, 1986). 

While the purely macroscopic theories exhibit straightforwardness, mixture theories are more generic because they are derived 
from the system’s fundamental balance laws and can account for arbitrary number of constituents that may be miscible or immiscible, 
chemically inert or active. Coussy et al. (1998a) and Coussy (2004) demonstrated how to derive the phenomenological Biot theory by 

Fig. 1. Pore sizes of common fluid-filled porous media, ranging from nanometers to microns (Aouaini et al., 2015; Clarkson et al., 2013; Cowin, 
1999; Hicsasmaz and Clayton, 1992; Kou et al., 2014; Le Couteur et al., 2005; Moeendarbary et al., 2013; Oikonomopoulou et al., 2011; Radlinski 
et al., 2004; Style et al., 2014; Vogel and Roth, 2001; Yang et al., 2010). 
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reformulating balance equations of the mixture theories in terms of macroscopically measurable quantities, thus showing a solid and 
close relationship between the two approaches. The key point of these works is that the Lagrangian Clausius–Duhem inequality of 
saturated porous media can be derived from the Eulerian equations of mass conservation, momentum balance (for individual com-
ponents), energy conservation and entropy inequality (for the porous media). This inequality implies the existence of a single potential, 
which can be used for deriving constitutive relationships in terms of solid skeleton strain, fluid mass variation and temperature of the 
REV. By linearization, the constitutive relationships reduce to the traditional thermoporoelasticity. Such procedures provided a 
thermodynamic foundation for the classical Biot theory and can be used to generalize the mixture theory, e.g., to consider variably 
saturated conditions (Coussy, 2007), phase transitions (Coussy et al., 1998b) and chemical reactions (Coussy, 2011) for porous media. 

Recent developments in experimental methods enable observing and characterizing pore morphologies at increasingly small scales. 
Fig. 1 displays the pore sizes of common porous media, which range mainly from a few nanometers to several hundred microns. For 
example, the pore size in Barnett Shale varies from 5 nm to 10 µm (Clarkson et al., 2013), in cytoplasm is typically about 30 nm 
(Moeendarbary et al., 2013), and in liver tissue is 4–7 µm (Le Couteur et al., 2005). Nowadays, as engineering and medical practice 
often calls for small-scale porous media, there has been burgeoning interest in characterizing the mechanical behaviors of porous 
media having micro- or nano-scale pores, with significant surface effects (or size effects) identified experimentally. For typical 
example, surface effects in coals due to adsorption cause coal expansion or shrinkage (Cui and Bustin, 2005; Espinoza et al., 2014); 

Fig. 2. Schematic of surface stress and saturated porous medium with surface effects. (a) Given a line element dl on a material surface, n is the unit 
normal of dl on the surface. The surface force vector applied by the side n pointing to the other side can be expressed as s ⋅ ndl, where s is the surface 
stress on the material surface. (b) For a point X in reference configuration, x is its corresponding point in current configuration. φ and φref are porous 
media porosity in current configuration and reference configuration, respectively. Region R0 in reference configuration corresponds to region Rt in 
current configuration. N and n are outer normal vectors on the boundary of R0 and Rt, respectively. The mass of solid skeleton and fluid in unit 
volume of porous medium at x = ξ(X, t) in current configuration are ρs(ξ(X, t), t) and ρf (ξ(X, t), t). Specific solid-fluid surface area at x = ξ(X, t) in 
current configuration is ρsurf (ξ(X, t)). Lagrangian density at X in reference configuration is defined as ρa,ref (X, t) = J(X, t)ρa(ξ(X, t), t), where a = s, f 
and surf. Each constituent (i.e., solid skeleton, fluid and solid-fluid interface) in Rt is subject to the force from the same constituent outside the region 
(arrows in different colors: orange for solid, blue for fluid, and red for solid-fluid interface). 
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surface effects of fluid inclusions having a size of tens of microns can significantly increase the stiffness of the elastic matrix in which 
these inclusions are embedded (Ducloué et al., 2014; Style et al., 2014); surface effects in hydrogels due to temperature or chemical 
reactions can cause large deformation, such as oscillating deformation (Dhanarajan et al., 2002; Howse et al., 2006) and volume 
instability (Guenther et al., 2007; Suzuki et al., 1999; Vidyasagar et al., 2008). Although these recent experimental results intuitively 
show significant surface effects on the mechanical behaviors of saturated porous media, these observations cause several fundamental 
problems. (1) Is the classical poromechanics (e.g., Biot theory) valid at micro- and nano-scales? On one hand, a few modified models of 
porous media with surface effects have been proposed, in which the volumetric response of porous media was dependent upon the 
surface effects (Li and Feng, 2016). On the other hand, experiments showed that, while nano-pores in cytoplasm provide strong surface 
effects, the overall mechanical behaviors of cytoplasm can be still described using Biot theory without surface effects modification 
(Moeendarbary et al., 2013). Therefore, for saturated porous media having nano-scale pores, can we still use the Biot theory to describe 
their mechanical behaviors? (2) In the presence of surface effects, how the effective moduli of saturated porous media are influenced 
by fluids in their pores? Thus far, contradicting results were reported. On one hand, if a dry gel is immersed in aqueous environment, 
water will flow into the dry gel due to surface effects, forcing the gel to swell. In this case, the fluid in the pores of a porous medium 
softens the porous medium. On the other hand, if the fluid fills the pores of the porous medium as inclusions (e.g., fluid droplets 
embedded in an elastic solid matrix), the presence of fluid may stiffen the porous medium due to surface effects (Ducloué et al., 2014; 
Style et al., 2014). To answer these fundamental questions, surface effects in saturated porous media need to be systematically 
investigated, especially from a theoretical perspective. 

In recent years, a few theoretical studies had been carried out to characterize the surface effects of saturated porous media: for 
example, inclusion theories with surface effects were developed to solve the elastic fields near liquid inclusions (Style et al., 2015) and 
estimate the effective moduli (Mancarella et al., 2016a, 2016b). Nonetheless, these studies are limited to small deformation of 
close-celled porous media, e.g., liquid inclusions embedded in an elastic matrix. Besides liquid inclusions, theoretical methods have 
been also proposed to construct constitutive relations of hydrogels (Cai and Suo, 2011; Hong et al., 2008), with simplified hydrogel 
microstructure (e.g., a network consisting of totally random polymer chains) assumed. Note in particular that, because the Helmholtz 
free energy selected by these authors includes the interaction between fluid and solid skeleton, swelling and snap-though instability of 
the gel due to surface effects were successfully predicted, even if the classical poromechanical framework without surface effects was 
employed in their theoretical modeling. This is intriguing because a continuum framework should contain the contributions of all types 
of energy in the system from which equilibrium corresponding to each type can be derived. 

Theoretical models have also been developed to characterize the adsorption deformation of porous media induced by surface 
effects (Vandamme et al., 2010; Zhang, 2018). These models employed a three-dimensional second-order tensor at each point in the 
porous medium to represent surface effects. Such treatment of surface effects is compatible with the classical poromechanics (which 
uses a three-dimensional second-order tensor to represent stress), but different from the treatment in surface mechanics. In fact, surface 
mechanics originated from Gurtin and Murdoch (1975), who established a two-dimensional tensor on material surface to describe 
surface stress using a strict mathematical method, as illustrated schematically in Fig. 2(a). The treatment in surface mechanics has a 
clear physical meaning, achieving great success in micro/nano-mechanics for, e.g., nanowires (Cuenot et al., 2004; Jing et al., 2006), 
nano-beams (Miller and Shenoy, 2000) and nano-inhomogeneities (Duan et al., 2005a, b). Therefore, in comparison with the 
two-dimensional second-order tensor on material surface, whether a three-dimensional tensor at each point of a porous medium can be 
used to describe surface effects needs to be clarified. Further, built upon the surface mechanics as detailed above, can we establish a 
description method for saturated porous media with surface effects? There are two difficulties to do this. First, surface stress can only 
be calculated if the shape of the surface is known. However, it is difficult to accurately describe a solid-fluid surface in a saturated 
porous medium. Second, while equilibrium in traditional poromechanics framework is the balance in a three-dimensional space, 
equilibrium in surface mechanics is essentially the balance on a two-dimensional material surface. Therefore, mathematically, it is also 
difficult to describe surface effects in saturated porous media using the two-dimensional second-order tensor of surface mechanics. 

In the current study, to answer the questions raised above, we use the mixture theory to establish a general framework for saturated 
porous media with surface effects. The paper is organized as follows. First of all, we will give a short description of surface mechanics in 
Section 2.1 and state fundamental assumptions of the mixture theory in Section 2.2. The most important assumption of the mixture 
theory is homogenization assumption (de Boer, 1996). With the homogenization assumption, we will convert the surface stress on a 
material surface into a surface traction vector acting on any appointed surface (not necessarily a material surface; Fig. 2(b)). Note that 
the surface traction vector is not a tensor yet but, in Section 3.3, we will prove that the surface traction vector induced by surface effects 
between solid skeleton and fluid can be replaced by a three-dimensional second order tensor using Cauchy’s theorem. To this end, in 
Section 3, we start to analyze the mechanical behaviors of saturated porous media under surface effects, first with kinematics presented 
in 3.1. Then we state governing equations of the problem, including mass conservation in 3.2, momentum balance in 3.3, energy 
balance in 3.4 and the second law of thermodynamics in 3.5. In Section 4, based on constitutive assumptions for the three constituents 
(i.e., solid, fluid and their surfaces), we discuss general restrictions on constitutive laws of porous media under surface effects. 
Linearization of these constitutive laws is carried out in Section 5. As an application, in Section 6, we employ the microstructures of a 
macromolecular network and an elastic matrix embedded with liquid inclusions as prototypes to demonstrate how their mechanical 
behaviors are related to the properties of three constituents (i.e., solid, fluid and solid-fluid interface) and determine explicitly the 
parameters appearing in their constitutive relations. 
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2. Foundations of poromechanics with surface effects 

2.1. Continuum description of surface mechanics 

The continuous medium description of a material surface originates from Gurtin and Murdoch (1975), who ignored the thickness of 
the surface and used mathematical methods to establish a symmetrical second-order tensor in the surface to represent the surface force. 
Such a framework of surface mechanics is similar to that of solid mechanics: surface geometrical equations, surface constitutive 
equations and surface equilibrium equations together complete the description of surface mechanics problems, with surface equi-
libriums coupled with the equilibriums of materials on both sides of the surface. This mechanical description includes the 
Laplace-Young equation and the Shuttleworth equation (Shuttleworth, 1950) as special cases, and has been widely used in the 
development of micro-nano mechanics to account for surface effects. 

We do not intend to present herein a full description of the continuum framework of surface mechanics, but rather emphasize one 
critical issue: surface stress is a symmetric second-order tensor s inside a material surface. In other words, as shown in Fig. 2(a), if a 
micro-line element with length dl is given in the material surface, its normal vector is n. Then on the surface, the surface traction vector 
applied by the side n pointing to the other side can be expressed as s ⋅ ndl, and this traction vector lies within the surface under 
consideration. 

2.2. Basic assumptions of the mixture theory 

At each point of the body considered, the mixture theory assumes that all constituents, which are solid, fluid and their surfaces in 
this study, are homogenized at the point (de Boer, 1996; Diebels and Ehlers, 1996). The point is thus a physically hypothetical concept, 
but it enables considering the kinetics and balance laws of each constituent at the point. Basic assumptions of the mixture theory are:  

(1) All properties of the mixture must be mathematical consequences of properties of its constituents.  
(2) So as to describe the motion of a constituent, we may in imagination isolate it from the rest of the mixture, provided we allow 

properly for the actions of the other constituents on it.  
(3) The motion of the mixture is governed by the same equations as is a single body. 

For a porous medium with surface effects, surface stress on solid-fluid surfaces must be considered. In the framework of mixture 
theory, the surface stress should be homogenized at each point of the porous medium. To do this strictly, we make the following 
assumption:  

(1) Upon any smooth, closed orientable surface S, be it imagined surface within the porous medium or the boundary surface of the 
porous medium itself, there exists an integrable field of traction vector tsurf that describes the action exerted by the solid-fluid 
surface exterior to S on that interior to S, as shown schematically in Fig. 2(b). We further postulate that the vector field tsurf 

depends on time t, the spatial point x, and the unit vector n of surface S, i.e., tsurf (x, t,n). 

In surface mechanics, surface stress is defined as a second-order tensor on material surface. The rationality of assumption (4) is that 
the boundary S intersects a sufficient number of solid-fluid interfaces. Therefore, the total force applied to a solid-fluid surface inside S 
from a solid-fluid surface outside S can be expressed by an integral of a vector function tsurf (x, t,n) on boundary S. 

Physically, for fluid-saturated porous media with surface effects considered in the current study, tsurf (x, t,n) represents the traction 
vector per unit area exerted on a surface element oriented with normal n induced by solid-fluid surface effects. Note that tsurf (x, t,n) is 
not a tensor field yet, for it depends on the surface normal vector n. In other words, tsurf (x, t,n) may be a complex function with respect 
to n, and hence it is difficult to describe surface effects using tsurf (x,t,n). To address this deficiency, in Section 3.3, we will make use of 
Cauchy’s theorem and employ a second order tensor field to replace tsurf (x, t,n). 

3. Problem description 

In this section, we adopt the mixture theory to describe fluid-saturated porous media with surface effects. There are two approaches 
in mixture theory: the Eularian approach and the Lagrangian approach. The Eularian approach states balance laws for each spatial 
point, thus convenient in describing mixture problems of different fluids. In comparison, the Lagrangian approach with respect to solid 
skeleton is preferred in most poromechanics studies, which describe balance laws for each material point of the skeleton (Biot, 1977; 
Coussy, 1989). The Lagrangian approach is also employed in the present study. After describing the kinematics in 3.1, we present 
governing equations of the problem in sequel: mass conservation in 3.2, momentum balance in 3.3, energy balance in 3.4, and second 
law of thermodynamics in 3.5. 

3.1. Kinematics 

Consider first the description of solid skeleton deformation. We define the reference configuration B of solid skeleton as an open set 
with piecewise smooth boundary in a Euclidian space R3. Let φ0 denote the porosity of the reference configuration B. Points in B 
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Journal of the Mechanics and Physics of Solids 151 (2021) 104392

6

denoted as X = (X1,X2,X3) ∈ B in a Cartesian coordinate system are called material points. In the current state at time t, the material 
point X occupies a point with coordinate x = ξ(X, t). With φ denoting the porosity of the current configuration, the deformation 
gradient of the solid skeleton is defined as: 

Fs = Gradξ(X, t), (1)  

where Grad = ∂ /∂X is the gradient operator with respect to material coordinate X. The Jacobian J = detFs links the volume element of 
the reference configuration to that of the current configuration, as: 

dv = JdV = detFsdV, (2)  

from which it follows that: 

ρs,ref = Jρs, (3)  

where ρs,ref and ρs are the density of the solid at X and x(X,t), respectively. Given that the deformation gradient Fs is not symmetric, the 
Green strain tensor is employed to define solid skeleton deformation, which is symmetric and defined as: 

Cs = FT
s Fs. (4) 

At time t, the velocity of solid skeleton at x = ξ(X, t)is: 

vs(x, t) = vs(ξ(X, t), t) =
ds

dt
ξ(X, t), (5)  

Where ds /dt = (∂ /∂t)|X represents the time derivative of material point X. The acceleration of solid skeleton at x = ξ(X, t) and time t 
can thence be defined by material derivative, as: 

as(x, t) = as(ξ(X, t), t) =
ds

dt
vs(ξ(X, t), t) =

d2
s

dt2 ξ(X, t). (6) 

Consider a surface element dA of solid skeleton in the reference configuration and the corresponding surface element da in the 
current configuration. Let dA and da have N and n as their unit normal vector, respectively. According to continuum mechanics 
(Holzapfel, 2002), we have 

nda = JN ⋅ F− 1
s dA. (7) 

In the following, we will use this expression to establish equilibriums in the reference configuration. 
We focus next upon the kinematics of the fluid. Because the porous medium is taken as saturated, fluid occupies all the pores of solid 

skeleton in the current configuration ξ(B, t). At time t, let the velocity and acceleration of the fluid occupying skeleton pores at x =
ξ(X, t) be defined as: 

vf (x, t) = vf (ξ(X, t), t), (8)  

af (x, t) = af (ξ(X, t), t). (9) 

It is obvious that both the velocity va and acceleration aa (a = sorf) are vector functions in the current configuration, i.e., they are 
essentially functions of space coordinates x and time t. However, from the right hand side of (8) and (9), va and aa can also be taken as 
functions of material coordinates X and time t, so that they can also be acted by the material gradient operator Grad. Nonetheless, no 
matter what independent variables are selected, the nature (vectors in the current configuration) of va and aa remains unchanged. 

It should be noted that, different from (6) for the solid skeleton, af (X, t) ∕= ds
dt [vf (X, t)]. Actually, we have: 

af =
∂
∂t

vf + vf gradvf ,

ds

dt
vf =

∂
∂t

vf + vsgradvf ,

where ∂
∂t represents the derivative with respect to spatial coordinate x in the current configuration. The first expression is often used in 

fluid mechanics (White, 2010), and the second expression is a direct result of the chain rule ds(⋅)
dt = ∂

∂t (⋅) + vsgrad(⋅). Substituting the first 
expression into the second to eliminate ∂

∂tvf , we get 

af =
ds

dt
vf +

(
vf − vs

)
gradvf , (10)  

where grad = ∂ /∂x is the spatial gradient operator with respect to current coordinate x. If we regard ds
dtvf as fluid acceleration felt by the 

“observer” on the solid skeleton intuitively, the meaning of expression (10) is that fluid acceleration felt by the “observer” on a fluid 
particle is the fluid acceleration felt by the “observer” on the solid skeleton plus the fluid velocity difference between the two 
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“observers”. 
Let ρf (ξ(X, t), t) denote fluid mass in unit volume of the porous medium at pointx = ξ(X, t) in current configuration, namely, the 

Eularian density. Since we need to describe the problem in reference configuration, we define the Lagrangian fluid density at point X in 
the reference configuration as: 

ρf ,ref (X, t) = J(X, t)ρf (ξ(X, t), t). (11) 

Intuitively, the definition means putting fluid mass in the current configuration into the reference configuration. 
Next we consider the solid-fluid surface. According to our assumption, the length scale of the “point” considered in this study is 

much greater than the pore size. We can define the Eularian specific solid-fluid surface area ρsurf (ξ(X, t), t) to be the solid-fluid surface 
area in unit volume of the porous medium at point x = ξ(X, t) in the current configuration. We can thence also define the Lagrangian 
specific solid-fluid surface area at point X in the reference configuration as: 

ρsurf ,ref (X, t) = J(X, t)ρsurf (ξ(X, t), t). (12) 

We adopt in the current study the Gurtin-Murdoch surface model detailed in Section 2.1, and hence neglect the thickness and mass 
of a material surface. It is therefore unnecessary to define a mass density for the solid-fluid surface. In addition to this, we will state the 
physical laws (i.e., mass conservation, momentum balance, energy balance, and the second law of thermodynamics) for an arbitrary 
region Rt in the current configuration. Because the solid-fluid surface is “adhered” to the solid skeleton, the solid skeleton and the solid- 
fluid surface have the same normal velocity at the points of ∂Rt when Rt deforms. Given the arbitrariness of Rt, the solid skeleton and 
solid-fluid surface have the same velocity. In other words, the velocity of the solid-fluid surface can be replaced by the solid skeleton 
velocity vs in momentum balance (Section 3.3) and energy balance (Section 3.4). In summary, in the present study, it is unnecessary to 
define mass density and velocity for the solid-fluid surface. 

In the remaining portion of this section, we define relevant quantities regarding deformation rate. In these expressions, i.e., Eqs. 
(13)–(16) below, subscript s represents the solid skeleton and f represents the fluid. Spatial gradient of velocity in current configuration 
is defined as: 

Γa = gradva(a= sorf ). (13) 

The symmetric part of Γa is: 

Da =
1
2
(
Γa +ΓT

a

)
(a= sorf ). (14) 

The material gradient of the velocity can be written as: 

Ḟa = Gradva(a= sorf ). (15) 

From the chain rule, we have Ḟa = ΓaFs. Finally, the material derivative of the Green strain tensor of the solid skeleton is given by: 

Ċs =
ds

dt
Cs = FT

s DsFs. (16)  

3.2. Conservation of mass 

For each balance law, we will firstly state its integral form for a region R0 in reference configuration (i.e., B in Fig. 2(b)), with R0 
defined as an connective open set with piecewise smooth boundary ∂R0. It should be pointed out that while fluid can transport through 
the boundary ∂R0, both the solid skeleton and the solid-fluid surface cannot transport through it. Given that the mass transportation of 
constituents affects balance laws, the roles played by different constituents are no longer symmetric. We will thence derive local forms 
of the balance laws, which are expressed via a Lagrangian approach with respect to the solid skeleton. 

Given that R0⊂B, mass conservation for solid can be stated as: 

ds

dt

∫

R0

ρs,ref dV = 0. (17) 

At time t, the configuration of R0 is Rt = ξ(R0,t). The mass of fluid passing through the boundary ∂Rt can be expressed as 
∫

∂Rt
ρf (vf (x,

t) − vs(x, t)) ⋅ nda. According to (4) and (12), we can state the fluid mass conservation for R0 as: 

ds

dt

∫

R0

ρf ,ref dV +

∫

∂R0

ρf ,ref

[
F− 1

s

(
vf (ξ(X, t), t) − vs(ξ(X, t), t)

)]
⋅ NdA= 0, (18)  

where the first term on the left-hand side (LHS) represents the fluid mass variation in R0 and the second term represents the trans-
portation of fluid mass through ∂R0. 

We can define the fluid mass flux through ∂R0 at time t as: 

M(X, t) = ρf ,ref F− 1
s ⋅

[
vf (ξ(X, t), t) − vs(ξ(X, t), t)

]
. (19) 

Then we can rewrite the fluid mass conservation for region R0 as: 
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ds

dt

∫

R0

ρf ,ref dV +

∫

∂R0

M ⋅ NdA = 0. (20) 

With continuum description of material surface adopted, the surface has negligible thickness and hence its mass conservation can 
be neglected. 

As in continuum mechanics, we can derive separately the local forms of mass conservation for the solid skeleton and the fluid, as: 

ds

dt
ρs,ref (X, t) = 0, (21)  

ds

dt
ρf ,ref (X, t) + DivM = 0. (22)  

3.3. Balance of momentum 

We will state first the momentum balance laws for both the solid skeleton and fluid, which are similar to those of classical 
poromechanics (Coussy et al., 1998a). However, the momentum balance (force balance) on solid-fluid surface is a bit more compli-
cated. Specifically, because surface stress is a symmetric second-order tensor defined on the surface (tensor in a two-dimensional 
manifold), it is difficult to include the surface stress in the three-dimensional framework of mixture theory without determining the 
microstructure of the porous medium. 

Usually, according to assumption (2) stated in Section 2.2, the mixture theory assumes the existence of partial stresses for the solid 
and fluid. Under the partial stresses, either the solid or fluid is balanced. Let σs(ξ(X, t), t) and σf (ξ(X, t), t) be the partial Cauchy stress 
for the solid and the fluid, respectively. The first Piola-Kirchhoff stress can thence be defined in the reference configuration, as: 

Pa(X, t) = Jσa(ξ(X, t), t)F− T
s , (23)  

where a = s for solid skeleton and a = f for fluid. The first Piola-Kirchhoff stress can be used to calculate the stress vector in current 
configuration as Pa ⋅ N = σa ⋅ n, where n is the normal vector in current configuration and N is the corresponding normal vector in 
reference configuration. Therefore, it is convenient to use the first Piola-Kirchhoff stress in the Lagrangian description. We can also 
define the second Piola-Kirchhoff stress, as: 

Sa(X, t) = JF− 1
s σa(ξ(X, t), t)F− T

s , (24)  

where, again, a = s for solid skeleton and a = f for fluid. The second Piola-Kirchhoff stress is useful in the discussion of constitutive 
relationships. 

Before we state momentum balance for each constituent, we should define a few quantities commonly used in mixture theory. To be 
specific, we set ba(ξ(X, t), t) as the external force per unit mass of constituent a at x = ξ(X, t) and set ̂fa(ξ(X, t), t) as the force per unit 
volume of constituent a induced by other constituents at x = ξ(X, t), where a = s for solid skeleton, a = f for fluid, and a = surf for 
solid-fluid surface as illustrated in Fig. 2(b). 

Given the region R0⊂B, the balance of momentum for solid skeleton can be stated as 

ds

dt

∫

R0

ρs,ref vsdV =

∫

∂R0

Ps ⋅ NdA +

∫

R0

ρs,ref bsdV +

∫

R0

J f̂ sdV, (25)  

where the left-hand side (LHS) represents the variation rate of solid momentum in R0 and the right-hand side (RHS) represents the total 
force acting on solid in R0. The first term on the RHS represents the force from solid skeleton outside R0, the second term represents the 
external body force, while the third term represents the force from other constituents in R0. 

Balance of momentum for fluid in R0 can be stated as: 

ds

dt

∫

R0

ρf ,ref vf dV +

∫

∂R0

vf (M ⋅ N)dA =

∫

∂R0

Pf ⋅ NdA+

∫

R0

ρf ,ref bf dV +

∫

R0

J ⋅ f̂ f dV, (26)  

where the first term on the LHS represents the variation rate of fluid momentum in R0 and the second term represents the trans-
portation of fluid momentum through boundary ∂R0. The RHS represents the total force acting on fluid in R0. Note that, compared with 
the momentum balance (25) for solid skeleton, the second term on the left side of (26) is different. The physical significance of this 
difference is that momentum balance is stated in reference configuration: when the porous medium deforms, while the solid cannot 
pass through the boundary of reference configuration, the fluid can. 

Now we turn to momentum balance of a solid-fluid surface. According to assumption (4) of Section 2.2, we state balance mo-
mentum of solid-fluid surface in current configuration as: 

∫

∂Rt

tsurf (x, t,n)da +

∫

Rt

f̂ surf dv = 0, (27)  

where the LHS represents the total force acting on the surface in Rt. The first term represents the force from the surface outside Rt and 
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the second term represents the force from other constituents in Rt. Because we neglect the mass of the surface, the two terms must be 
balanced with each other. 

It should be emphasized that tsurf (x, t,n) is a vector function. In solid mechanics, however, tensor rather than vector is more 
convenient to describe mechanical interaction in a bulk material. To obtain the tensor form of surface effects between solid skeleton 
and fluid, Cauchy’s theorem is needed, as stated below. 

Lemma. (Cauchy’s theorem) Let a(x, t) and b(x, t) be C1 and c(x, t,n) be C0 scalar functions defined for all t ∈ R (or an open interval), all 
x ∈ ξ(B, t), and all unit vectors n at x. Assume thata, b and c satisfy the master balance law in the sense that, for any region R0 ∈ B: 

∂
∂t

∫

Rt

a(x, t)dv =

∫

Rt

b(x, t)dv +
∫

Rt

c(x, t, n)da, (28)  

where Rt = ξ(R0, t) and n is the unit outward normal to ∂ξ(R0, t). Then there exists a unique vector field c(x, t) on ξ(B, t) such that c(x, t,n) =

c(x, t) ⋅ n. Proof of this Lemma can be found in Marsden and Hughes (1994). 

Multiplying Eq. (27) by a vector u0 leads to: 
∫

∂Rt

tsurf (x, t) ⋅ u0da +

∫

Rt

f̂ surf ⋅ u0dv = 0, ∀u0. (29) 

Using the Cauchy’s theorem, we infer that there exists a unique vector field c(x, t) on ξ(B, t) such that tsurf (x,t) ⋅ u0 = c(x,t) ⋅ n, ξ(B, t)
being the region occupied by the whole porous medium in current configuration. Because tsurf (x, t) ⋅ u0 is a linear function of u0, c(x, t)
⋅n is also such a function. Then there exists a (three-dimensional) second order tensor σsurf (x, t) such that c(x,t) = σsurf ⋅ u0. Substituting 
c(x, t) = σsurf ⋅ u0 into (27) results in: 

∫

∂Rt

u0 ⋅ σsurf ⋅ nda +

∫

Rt

f̂ surf ⋅ u0dv = 0, ∀u0. (30) 

Because u0 is an arbitrary vector, momentum balance of the solid-fluid surface can be expressed using the second order tensor 
σsurf (x, t) as: 

∫

∂Rt

σsurf ⋅ nda +

∫

Rt

f̂ surf dv = 0. (31) 

Concerning a fluid-saturated porous medium, if we take the solid-fluid surface as the third constituent with zero mass, σsurf (x, t) can 
be regarded as the Cauchy stress for the constituent. Therefore, analogous to the solid skeleton and fluid, the first Piola-Kirchhoff stress 
for the solid-fluid surface can be defined as: 

Psurf (X, t) = Jσsurf (ξ(X, t), t)F− T
s , (32)  

and the second Piola-Kirchhoff stress as 

Ssurf (X, t) = JF− 1
s σsurf (ξ(X, t), t)F− T

s . (33) 

In Lagrangian form, momentum balance of the solid-fluid surface can thence be written as: 
∫

∂R0

Psurf ⋅ NdA +

∫

R0

J f̂ surf dV = 0. (34) 

As in continuum mechanics, we can derive the local form of momentum balance for the solid skeleton as: 

ρs,ref as = DivPs + ρs,ref bs + J f̂ s. (35) 

In comparison, the local form of momentum balance for the fluid is a little different from classical continuum mechanics, as: 

ρf ,ref
ds

dt
(
vf
)
= DivPf −

(
Divvf

)
⋅ M + ρf ,ref bf + J f̂ f , (36)  

where ds
dt (vf ) is the fluid acceleration “observed” on the solid skeleton. By the way, it is noted that (36) is equivalent to the common 

form of fluid momentum balance, namely: 

ρf ,ref af = DivPf + ρf ,ref bf + J f̂ f . (37) 

The proof is rather direct, as we only need to expand the LHS of (36) using (11). 
The local form of momentum balance for the solid-fluid surface can be written as: 

DivPsurf + J f̂ surf = 0. (38) 

Because the total momentum exchange between the solid, the fluid and solid-fluid surface is zero, we arrive at: 
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f̂ s + f̂ f + f̂ surf = 0. (39)  

3.4. Balance of energy 

3.4.1. Mechanical energy theorem 
Before we state energy balance of the porous medium, we derive the mechanical energy theorem in reference configuration based 

on momentum balance laws detailed in Section 3.3. Multiplying (35) and (38) by vs, we get: 

ρs,ref

(
ds

dt
vs

)

⋅ vs = DivPs ⋅ vs + ρs,ref bs ⋅ vs + J f̂ s ⋅ vs, (40)  

and 

0 = DivPsurf ⋅ vs + J f̂ surf ⋅ vs. (41) 

Multiplying (36) by vf , we get: 

ρf ,ref vf
ds

dt
(
vf
)
= Div

(
Pf
)

⋅ vf − vf
∂vf

∂X
M + ρf ,ref bf ⋅ vf + J f̂ f ⋅ vf . (42) 

And multiplying (22) by 12vf ⋅ vf , we get: 

1
2
vf ⋅ vf

ds

dt
ρf ,ref +

1
2
vf ⋅ vf DivM = 0. (43) 

Upon integrating (40), (41), (42) and (43) by parts over R0 and summing the three resulting equations, we finally obtain the 
mechanical energy theorem in the following form: 

Ẇ ext = K̇ in + Ẇ d + K̇ trans, (44)  

where 

K̇ in =
ds

dt

∫

R0

1
2
[
ρf ,ref

(
vf ⋅ vf

)
+ ρs,ref (vs ⋅ vs)

]
dV, (45)  

Ẇ d =

∫

R0

(

Ps : ḞT
s +Pf : ḞT

f +Psurf : ḞT
s − Jvs ⋅ f̂ s − Jvf ⋅ f̂ f − Jvs ⋅ f̂ surf

)

dV, (46)  

Ẇ ext =

∫

R0

(
ρs,ref bs ⋅ vs + ρf ,ref bf ⋅ vf

)
dV +

∫

∂R0

(
vs ⋅ Ps + vf ⋅ Pf + vs ⋅ Psurf

)
⋅ NdA, (47)  

K̇ trans =

∫

∂R0

(
1
2
vf ⋅ vf

)

M ⋅ NdA. (48) 

To derive the mechanical energy theorem (44), we have used (21). 
The physical meaning of (44) can be understood as the energy input rate Ẇ ext by external force for region R0 in reference 

configuration is equal to the sum of kinetic energy rate K̇ in in R0, strain energy rate Ẇ d stored in R0, and fluid kinetic energy rate 
K̇ trans brought by fluid flow. 

3.4.2. Energy balance 
We set es(ξ(X, t), t) and ef (ξ(X, t), t) to be the internal energy per unit mass of solid skeleton and fluid at x = ξ(X,t), respectively, and 

set esurf (ξ(X, t), t) to be the internal energy per unit area of solid-fluid surface at x = ξ(X,t). Given that R0⊂B, the internal energy rate for 
the solid skeleton, the fluid and the solid-fluid surface can be written as: 

Ė s =
ds

dt

∫

R0

ρs,ref es(ξ(X, t), t)dV, (49)  

Ė f =
ds

dt

∫

R0

ρf ,ref ef (ξ(X, t), t)dV, (50)  

Ė surf =
ds

dt

∫

R0

ρsurf ,ref esurf (ξ(X, t), t)dV. (51) 

The total internal energy rate in R0 is simply: 
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Ė = Ė s + Ė f + Ė surf . (52) 

Because both the solid skeleton and surface cannot go through boundary ∂R0, the internal energy transportation rate through ∂R0 

can be written as: 

Ė trans =

∫

∂R0

ef (ξ(X, t), t)M ⋅ NdA. (53) 

The kinetic energy rate of solid and fluid in R0 can be written as: 

K̇ s =
ds

dt

∫

R0

ρs,ref
1
2
vs ⋅ vsdV =

∫

R0

ρs,ref
ds

dt

(
1
2

vs ⋅ vs

)

dV, (54)  

K̇ f =
ds

dt

∫

R0

ρf ,ref
1
2
vf ⋅ vf dV, (55)  

where, in deriving (54), we have used the mass conservation of solid skeleton, i.e., Eq. (21). Thus the total kinetic energy rate in R0 can 
be expressed as: 

K̇ in = K̇ s + K̇ f . (56) 

Because the mass of the surface is neglected, its kinetic energy is also neglected. 
Similar with (53), the kinetic energy transportation rate through ∂R0 in unit time can be written as: 

K̇ trans =

∫

∂R0

(
1
2
vf ⋅ vf

)

⋅ M ⋅ NdA. (57) 

The energy input rate of external force for R0 can be expressed as: 

Ẇ ext =

∫

R0

(
ρs,ref bs ⋅ vs + ρf ,ref bf ⋅ vf

)
dV +

∫

∂R0

(
vs ⋅ Ps + vf ⋅ Pf + vs ⋅ Psurf

)
⋅ NdA, (58)  

where the first term is induced by external body force and the second term is induced by porous medium outside R0. 
Next, we consider the energy induced by heat transfer. Let q(x, t) denote the heat flux vector in current configuration, which is also 

termed the Eularian heat flux in existing literature. In the present study, because energy balance is described in reference configu-
ration, we define the Lagrangian heat flux vector Q(X, t) in reference configuration byQ ⋅ NdA = q ⋅ nda, such that heat flux through 
boundary ∂R0 can be written as: 

L̇ =

∫

∂R0

Q ⋅ NdA. (59) 

Energy balance of the porous medium can then be stated as: 

Ė + K̇ in = Ẇ ext − L̇ − Ė trans − K̇ trans, (60)  

which means that the variation rate of internal energy and kinetic energy in R0 is equal to the sum of energy rates induced by external 
force, heat transfer and fluid mass transfer. 

From Eqs. (44) and (60), we can derive energy balance by direct calculation, as: 

∂s

∂t
Ė = Ẇ d − L̇ − Ė trans. (61) 

To arrive at (61), we make use of (11), (36) and (39) to reduce the strain energy rate Wd as: 

Ẇ d =
∫

R0

(

Ps : ḞT
s +Pf : ḞT

f +Psurf : ḞT
s − Jvs ⋅ f̂ s − Jvf ⋅ f̂ f − Jvs ⋅ f̂ surf

)

dV

=

∫

R0

[
(
Ps +Psurf +Pf

)
: ḞT

s +Pf :

(

ḞT
f − ḞT

s

)

− J f̂ f
(
vf − vs

)
]

dV

=

∫

R0

{
P : ḞT

s +Div
[(

vf − vs
)

⋅ Pf
]
+ ρf ,ref

(
bf − af

)(
vf − vs

)}
dV,

(62)  

where 

P = Ps + Psurf + Pf (63)  

is the total first Piola-Kirchhoff stress of the porous medium. 
Finally, upon substituting (62) into (61), energy balance of the porous medium is obtained as: 
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∂s

∂t
Ė =

∫

R0

[
P : ḞT

s − Div
(
ef M

)
+Div

[(
vf − vs

)
⋅ Pf
]
+
(
bf − af

)
⋅ Fs ⋅ M − DivQ

]
dV. (64) 

From (64), the local form of energy balance can be derived as: 

ds

dt
E = P : ḞT

s − Div
(
ef M

)
+ Div

[(
vf − vs

)
⋅ Pf
]
+
(
bf − af

)
⋅ Fs ⋅ M − DivQ, (65)  

where E(X, t) is the Lagrangian total internal energy of the porous medium: 

E(X, t) = ρs,ref es(ξ(X, t), t) + ρf ,ref ef (ξ(X, t), t) + ρsurf ,ref esurf (ξ(X, t), t). (66)  

3.5. The second law of thermodynamics 

We set ss(ξ(X, t), t) and sf (ξ(X, t), t) to be the entropy per unit mass of solid skeleton and fluid at x = ξ(X, t), respectively, and set 
ssurf (ξ(X, t), t) to be the entropy per unit area of solid-fluid surface at x = ξ(X, t). Then the Lagrangian total entropy can be define as: 

S(X, t) = ρs,ref ss(ξ(X, t), t) + ρf ,ref sf (ξ(X, t), t) + ρsurf ,ref ssurf (ξ(X, t), t). (67) 

Given that R0⊂B, the second law of thermodynamics for the fluid-saturated porous medium can be written as: 

ds

dt

∫

R0

SdV +

∫

∂R0

sf M ⋅ NdS +

∫

∂R0

Q
T

⋅ NdS ≥ 0. (68) 

Its local form can be derived from (68) as: 

dsS
dt

+ Div
(
sf M

)
+ Div

Q
T
≥ 0. (69) 

Considering T > 0, we multiply (69) by T and rewrite the local form of the second law as: 

T
dsS
dt

+ TDiv
(
sf M

)
+ DivQ −

1
T

GradT ⋅ Q ≥ 0. (70)  

4. Constitutive laws and the restrictions 

To further consider the mechanical behavior of a fluid-saturated porous medium, we need to make a few restrictions on the 
constitutive laws of each of its three constituents. In particular, since this study focuses on surface effects in the porous medium, it is 
necessary to ensure the generality of the surface constitutive relationship. In addition, we also consider the most common and simplest 
assumptions for both the solid skeleton and fluid. To facilitate the discussion of constitutive relationship, we define the Helmholtz free 
energy of each component as: 

ψa = ea − Tsa, (a= s, f orsurf ), (71)  

where the definition of ea and sa is presented in Sections 3.4.2 and 3.5, ψ s(ξ(X, t), t) and ψ f (ξ(X, t), t) are separately the Helmholtz free 
energy per unit mass of solid skeleton and fluid at x = ξ(X, t) in current configuration, and ψ surf (ξ(X, t), t) is the Helmholtz free energy 
per unit area of solid-fluid surface at x = ξ(X, t). By the way, we can define the Lagrangian free energy of the porous medium as: 

Ψ(X, t) = ρs,ref ψs(ξ(X, t), t) + ρf ,ref ψf (ξ(X, t), t) + ρsurf ,ref ψsurf (ξ(X, t), t). (72) 

Restrictions on Helmholtz free energy of each component are given in Section 4.1, and those on Clausius–Duhem inequality are 
given in Section 4.2. Constitutive relations and discussions of surface-effects are presented in Section 4.3 and Section 6, respectively. 

4.1. Constitutive laws for each constituent 

4.1.1. Constitutive laws for solid-fluid surface 
The continuum description of a material surface originates from the classical study of Gurtin and Murdoch (Gurtin and Murdoch, 

1975). They used a mathematical method to define first a second-order tensor on the surface, i.e., the surface stress, to account for 
surface effects of the material, and then proposed a surface constitutive model - the elastic surface model. Subsequently, Gurtin and 
Murdoch’s surface model has been widely used and greatly developed. Nonetheless, no matter how it is developed, the surface stress is 
always only related to the initial shape as well as current shape of the surface, with rate effects and memory effects ignored. 

In the current study of fluid-saturated porous media, we employ a more general surface constitutive model. That is, the surface 
stress depends only on the initial shape, current shape, and temperature of the material surface. When a specific microstructure of the 
porous medium is given, the initial configuration of any internal solid-fluid surface in the porous medium is also given. When the 
macroscopic deformation of solid skeleton Fs, the fluid density ρf ,ref , and the temperature T are determined, the shape of the solid-fluid 
surface at each point x = ξ(X, t) is determined accordingly. Therefore, we can make a general assumption, as: the Helmholtz free 
energy ψsurf of a solid-fluid surface is a scalar function only related to solid skeleton deformation Fs, fluid density ρf ,ref , and temperature 
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T. 

4.1.2. Constitutive laws for solid skeleton 
With focus placed upon surface effects in a fluid-saturated porous medium, to simplify the problem, we consider the most common 

and simplest assumptions for solid skeleton. In poromechanics, the most commonly used constitutive law of a solid skeleton is the 
following thermoelastic solid skeleton. 

Definition. (thermoelastic porous media) The solid skeleton of a porous medium is called thermoelastic solid skeleton if its Helm-
holtz free energy ψs is only a function of current deformation Fs of the solid skeleton, fluid density ρf ,ref and temperature T. 

In this definition, we eliminate rate and memory effects from ψ s. Although such requirement is strict, the thermoelastic porous 
medium is the most popular model for practical applications. Further, as shown in the following, the definition contains the classical 
Biot theory as a special case. Note also that the definition is similar to the definition of thermoelastic solid in elasticity theory (Marsden 
and Hughes, 1994), except that the former also accounts for the effect of fluid. 

4.1.3. Constitutive laws for fluid 
Again, to simplify the present problem, we use the most common and simplest fluid constitutive model in porous mechanics, 

assuming that the state of the fluid depends only on its pressure and temperature; thus, fluid viscosity is ignored (Bennethum et al., 
2000; Coussy et al., 1998a; Coussy, 2004). It follows that the Cauchy stress of the fluid is reduced to: 

σf = − φpI, (73)  

where is p the true pressure of the fluid, φ is the porosity in current configuration, and I is the second-order unit tensor. 
For a specific microstructure of the fluid-saturated porous medium, once the macroscopic deformation Fs of solid skeleton, fluid 

density ρf ,ref , and temperature T are determined, the pressure, temperature, internal energy and entropy of the fluid inside the porous 
medium are determined accordingly. Then we can assume the Helmholtz free energy ψ f of the fluid is only related to Fs, ρf ,ref , and T. 

To facilitate further discussions, we define the Gibbs chemical potential of the fluid as: 

gf = ef +
p

ρf ,ture
− Tsf , (74)  

where 

ρf ,true = ρf
/

φ, (75)  

is the true density of the fluid. From Eq. (94) given later at the end of Section 4.3.2, we will find that the physical meaning of gf is the 
variation of Helmholtz free energy of the overall porous medium by unit fluid mass in the porous medium. In fact, the definition (74) is 
the same as the definition of chemical potential for ideal fluid in classical thermodynamics, which is also the most commonly adopted 
form of fluid chemical potential in poromechanics (Coussy et al., 1998a; Coussy, 2004; Weinstein and Bennethum, 2006; Zhang, 2018). 

Similar to classical thermodynamics, the Gibbs chemical potential satisfies: 

dgf =
dp

ρf ,true
− sf dT. (76) 

It follows that the common properties of the Gibbs chemical potential are: 

∂gf

∂p
=

1
ρf ,true

,
∂gf

∂T
= − sf . (77) 

Eqs. (76) and (77) will be used in subsequent discussion of constitutive laws. 

4.2. The Clausius–Duhem inequality 

To consider further the constitutive laws, we need a form of the second law of thermodynamics different from (68) to (70), i.e., the 
Clausius–Duhem inequality. In continuum mechanics, this inequality proves useful in the discussion of constitutive laws. To derive the 
Clausius–Duhem inequality in porous media, we substitute the energy balance (66) into the entropy inequality (70) to eliminate DivQ. 
Straightforward calculations then lead to 

−
dsE
dt

+ P : F− T
s − Div

(
ef M

)
+ Div

[(
vf − vs

)
⋅ Pf
]
+ TDiv

(
sf M

)

+T
dsS
dt

+
(
bf − af

)
⋅ Fs ⋅ M −

1
T

GradT ⋅ Q ≥ 0.
(78) 

For further simplication, three more steps are needed. First, in the discussion of the Clausius–Duhem inequality, it is convenient to 
use the second type of Piola-Kirchoff stress for its symmetry, which is defined as 
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S = F− 1
s P, (79)  

where P = Ps + Psurf + Pf is the total first Piola-Kirchoff stress of the porous media. The following property 

S : Ds = P : Ḟ− T
s , (80)  

can be derived by direct calculation. 
Second, we use the simplified form (73) of the fluid Cauchy stress and the Gibbs chemical potential (74) of the fluid to simplify the 

divergence related terms in (78), i.e. 

− Div
(
ef M

)
+ Div

[(
vf − vs

)
⋅ Pf
]
+ TDiv

(
sf M

)

= − Div
[(

ef +
p

ρf ,true

)

M
]

+ TDiv
(
sf M

)

= Div
[(

gf + sf T
)
M
]
+ TDiv

(
sf M

)

= − gf DivM −
(
Gradgf + sf GradT

)
M.

(81) 

Here, the derivation of the first equality uses (73), (23) and (19), the derivation of the second equality uses (74), and the derivation 
of the third equality uses (77). 

Third, the Lagrangian total Helmholtz free energy is often used in the discussion of Clausius–Duhem inequality. Thus, substitution 
of (72), (80) and (81) into (78) leads to the final form of Clausius–Duhem inequality, as: 

ΦI + Φht + Φmt ≥ 0, (82)  

where 

ΦI = −
dsΨ
dt

−
dsT
dt

S + S : Ds − gf DivM, (83)  

is the dissipation caused by deformation of the solid skeleton and solid-fluid surface as well as changes in fluid content and tem-
perature; 

Φht = −
1
T

GradT ⋅ Q, (84)  

is the dissipation caused by heat transfer; and 

Φmt =
(
bf − af − gradgf − sf gradT

)
⋅ Fs ⋅ M, (85)  

is the dissipation caused by mass transfer. 

4.3. Conduction laws of porous media with surface effects 

Due to the different physical significance of ΦI, Φht and Φmt as stated above, the inequality (82) can be replaced by three stronger 
expressions, as: 

ΦI ≥ 0,Φht ≥ 0,Φmt ≥ 0. (86) 

We next discuss these expressions in sequel. 

4.3.1. Conduction laws 
First, consider dissipation due to heat transfer in the form of Euler dissipation φht , defined as φhtdv = ΦhtdV or φht = Φht /detFs. 

From (84) and detFs > 0, it follows that: 

φht = − gradT ⋅ q ≥ 0. (87) 

If gradT is taken as “force” and q/T as “flux”. For simplicity, a linear relationship between the “force” and “flux” is usually assumed: 

q = − khtgradT, (88)  

where kht is the thermal conductivity tensor (non-negative quadratic form). This is the form of Fourier’s law for heat transfer. 
To represent the dissipation associated with mass transfer in a more familiar way, we substitute (77) into (85) and arrive at: 

Φmt =
[
ρf ,true

(
bf − af

)
− gradp

]
⋅

Fs ⋅ M
ρf ,true

. (89) 

If we consider Euler dissipation φmt, defined as φmtdv = ΦmtdV, we obtain: 
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φmt =
[
ρf ,true

(
bf − af

)
− gradp

]
⋅

ρf
(
vf − vs

)

ρf ,true
. (90) 

Similar with the case of heat transfer, we regard ρf ,true(bf − af ) − gradp as “force” and ρf (vf − vs)/ρf ,true as “flux”, and assume a linear 
relationship between the “force” and “flux”, so that 

ρf
(
vf − vs

)

ρf ,true
= kmt ⋅

[
ρf ,true

(
bf − af

)
− gradp

]
, (91)  

where kmt is the mass conductivity tensor (non-negative quadratic form). This is the form of Darcy’s law for mass transfer. 

4.3.2. Equilibrium laws 
The assumptions made in Section 4.1 for the solid skeleton, fluid and solid-fluid surface imply that the Helmholtz free energy Ψ of 

the fluid-saturated porous medium only depends on the current deformation Fs of solid skeleton, fluid density ρf ,ref and temperature T. 
These assumptions eliminate the rate and memory effects from the porous medium considered, which are common reasons for dis-
sipations caused by deformation of solid skeleton and solid-fluid surface as well as changes in fluid content and temperature. Thus, we 
will use a stronger equation: 

ΦI = −
dsΨ
dt

−
dsT
dt

S + S : Ds − gf DivM = 0, (92)  

to replace the general inequality ΦI ≥ 0. Upon using methods similar to classical continuum mechanics (Marsden and Hughes, 1994), 
we arrive at: 

S =
∂Ψ
∂Cs

, gf =
∂Ψ

∂ρf ,ref
, S = −

∂Ψ
∂T

, (93)  

which are analogous to the well-known literature results about thermoelastic solid (Marsden and Hughes, 1994). Eq. (93) allows us to 
consider the free energy Ψ as a macro potential, because it is a function of the set of macro state variables (Cs, ρf ,ref ,T) according to 
Section 4.1, while their conjugate variables (S, gf , S) can be derived by taking partial derivatives with respect to them. 

With the configuration of initial state selected as reference configuration, it is assumed that the mass of fluid in a unit volume of 
porous medium is ρf ,0 in the initial state. The Lagrangian fluid mass change m = ρf ,ref − ρf ,0 is often selected in existing studies of 
porous media. Since ρf ,0 is a constant, we can use (Cs,m,T) as equivalent independent variables in the Lagrangian free energy to 
replace (Cs,ρf ,ref ,T). Thence, the constitutive relationships of (93) become: 

S =
∂Ψ
∂Cs

, gf =
∂Ψ
∂m

, S = −
∂Ψ
∂T

. (94) 

In the remaining part of this study, we will use (Cs,m,T) as independent variables. 
We observe that, in format, the constitutive relationships of (94) are the same as those obtained in existing literature about porous 

media without surface effects (Coussy et al., 1998a). In other words, the constitutive laws of classical poromechanics can be used to 
describe the mechanical behaviors of porous media with surface effects, as long as the contributions of surface effects to the Lagrangian 
free energy Ψ are considered. Physically, the underlying mechanism is rather intuitive: when a saturated porous medium deforms, the 
solid-fluid interface is adhered to the solid skeleton; thus, if the solid-fluid interface together with the solid skeleton are taken as a 
special type of solid, the classical framework of poromechanics can still be used to deal with porous media with surface effects. 

5. Linearized porous media 

In addition to describing mathematically the surface effects of porous media as detailed in the previous sections, in the current 
section, we aim to quantify such effects. For illustration, we consider the effective moduli of a fluid saturated porous medium since they 
are the most commonly used quantities that characterize the mechanical behaviors of a material. Generally speaking, the moduli are 
scale factors of stress and deformation and hence should be discussed under small deformation. Therefore, upon linearizing the 
constitutive relations of (94), we define the coefficients appearing in the linearized constitutive relationships as the effective moduli 
and then discuss their physical significance. 

In accordance with the theory of linear elasticity, the second Piola-Kirchhoff stress tensor S is replaced by the Cauchy stress tensor σ 
and the Green-Lagrange strain tensor Cs is replaced by the linearized strain tensor ε of the solid skeleton, with ε depending upon the 
solid skeleton displacement vector u by: 

εij =
1
2

(
∂ui

∂xj
+

∂uj

∂xi

)

. (95) 

It follows then that the constitutive relationships of (94) can be expressed as: 
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Ψ = Ψ
(
εij,m, T

)
, σij =

∂Ψ
∂εij

, gf =
∂Ψ
∂m

, S = −
∂Ψ
∂T

. (96) 

We linearize (96) to arrive at 

dσij =
∂2Ψ

∂εij∂εij
dεkl +

∂2Ψ
∂εij∂m

dm +
∂2Ψ

∂εij∂T
dT, (97)  

dgf =
∂2Ψ

∂εij∂m
dεij +

∂2Ψ
∂2m

dm +
∂2Ψ

∂m∂T
dT, (98)  

dS = −
∂2Ψ

∂T∂εij
dεij −

∂2Ψ
∂m∂T

dm −
∂2Ψ
∂2T

dT. (99) 

In linear elasticity, the second order derivatives of energy functional are usually taken as mechanical properties, measurable by 
experiments. Thus, we assume that: 

∂2Ψ
∂εij∂εkl

= Cijkl,
(
ρf ,true

)2∂2Ψ
∂m2 = M, −

∂2Ψ
∂T2 =

Cε

T
,

ρf ,true
∂2Ψ

∂εij∂m
= − MBij, ρf ,true

∂2Ψ
∂m∂T

= 3Mβ, −
∂2Ψ

∂T∂εij
= Aij.

(100) 

Using these coefficients, we rewrite (97) to (99) as: 

dσij = Cijkldεkl − MBij
dm

ρf ,true
− AijdT, (101)  

dgf =
M

ρf ,true

(

− Bijdεij +
dm

ρf ,true
+ 3βdT

)

, (102)  

dS = Aijdεij − 3Mβ
dm

ρf ,true
+

Cε

T
dT, (103)  

which similar to the classical Biot theory (Biot, 1941; Rice and Cleary, 1976). To facilitate subsequent comparison, we use the as-
sumptions commonly adopted in the Biot theory and rewrite the above formula using the same variables introduced by Biot. 

The first assumption of the Biot theory is the isotropy of porous media. So the fourth-order tensor can be represented by two scalars, 
as: 

Cijkl =

(

Ku −
2
3

G
)

δijδkl + 2Gδikδjl, (104)  

where Ku is called the undrained bulk modulus of the porous medium, and G is the shear modulus of the porous media. According to 
(96) and (99), we get: 

∂gf

∂εij
= −

MBij

ρf ,true
. (105) 

When the fluid-saturated porous medium is subjected to pure shear, its volume does not change. Therefore, pure shear will not 
cause the pressure and temperature of the fluid in the porous medium to change and hence the off-diagonal elements of the above 
expression are zero. In addition, considering the assumption of isotropy, we obtain a diagonal matrix, yielding: 

Bij = αδij. (106) 

The second assumption commonly used in the Biot theory is to ignore the effect of temperature. According to (99), we can ignore 
the change of entropy such that we can delete (103) from the constitutive relation. In addition, the change in Gibbs chemical potential 
is proportional to the change in pressure, namely: 

dgf =
dp
ρf . (107) 

In addition, Biot theory uses the fluid volume change per unit volume of porous medium to describe the state of the fluid, which is 
related to the mass change of the fluid per unit volume of porous medium as: 

ζ =
m

ρf ,true
. (108) 

We assume further that the porous medium has no initial stress and initial fluid pressure. Finally, for a fluid-saturated porous 
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medium with surface effects under small deformation, we substitute (104)-(108) into (101)-(103) to arrive at its constitutive law, as: 

σij =

(

Ku −
2
3

G
)

εkkδij + 2Gεij − Mαζδij,

p = M( − αεii + ζ).
(109)  

which has the same form as that of the Biot theory (Biot, 1941; Rice and Cleary, 1976). In other words, under small deformation, we 
have proved that the constitutive relationship of a porous medium with surface effects accounted for has the same form as the classical 
Biot formula. Coincidentally, it has been demonstrated experimentally that, although cytoplasm exhibits complex microstructure and 
contains nano-pores, its mechanical behavior can be described using the Biot theory (Moeendarbary et al., 2013). Nonetheless, it 
should be noted that when the scale considered is too small to guarantee the rationality of continuum modeling, the assumptions stated 
in Section 2.2 are not satisfied. That is, at sufficiently small scales, the Biot theory may no longer be valid. But a further investigation of 
this extends beyond the scope of the current study. 

It should be emphasized that, according to Eq. (100), the coefficients appearing in Eq. (109) are second order derivatives of the 
Lagrangian free energy Ψ. For a saturated porous medium, the Lagrangian free energy Ψ as defined in Eq. (72) contains surface effects. 
Therefore, although the constitutive relationship of a porous medium with surface effects accounted for has the same form as the 
classical Biot formula, the coefficients (e.g., effective moduli) in the constitutive relationship are influenced by surface effects. To 
quantify the influence of surface effects on macroscopic mechanical responses, these coefficients need to be determined by considering 
specific microstructure of the porous medium. 

6. Estimation of mechanical properties of porous media with surface effects under small deformation 

In Section 5, we have demonstrated that the constitutive relationships of a porous medium with surface effects are given by Eq. 
(96), which simplify to Eq. (109) under small deformation. It should be noted that the coefficients, i.e., the mechanical properties, in 
Eq. (109) depend on the surface effects, although the form of Eq. (109) is the same as the Biot fomula (Biot, 1941). To obtain these 
coefficients with surface effects considered, so that our model can be implemented for practical applications, two methods may be 
employed: (1) experimental determination, as demonstrated by Biot and Willis (1957); (2) theoretical estimation if the microstructure 
of the porous medium is known a priori. Here, we have adopted the second method for two typical microstructures, i.e., macromo-
lecular network and liquid inclusions. 

It is convenient to estimate the mechanical properties of a fluid-saturated porous medium with clear physical meanings. Consid-

Fig. 3. Schematic of a macromolecular network filled by fluid. The solid skeleton of a typical macromolecular network is a polymer network 
containing cross-linked polymer chains, which are assumed to be incompressible. There exist two limit cases, i.e., the short-time deformation 
(undrained state) and the long-time deformation (drained state). The short-time deformation locally rearranges the small molecules, so that the 
network can change shape but not volume. The long-time deformation (drained state) does not conserve the number of small molecules locally, so 
that the network can change both shape and volume. 
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ering there are several equivalent forms for Biot’s fomula (Rice and Cleary, 1976), here we choose another class of mechanical 
properties with clear physical meanings to express the constitutive laws, which are the bulk modulus Ku of the undrained state (i.e., the 
case that the fluid does not have enough time to escape from the pores), the bulk modulus Kd of the drained state (i.e., the case that the 
fluid has enough time to escape from the pores and the fluid pressure is equal to its initial value), the shear modulus G, and the Biot 
effective stress coefficient α, i.e., the ratio of the fluid volume gained (or lost) in a material element to the volume change of that 
element in the drained state. Because M = Ku − Kd

α2 (Detournay and Cheng, 1993), the constitutive equations of (109) can be rewritten 
using these four parameters, as: 

σij =

(

Ku −
2
3

G
)

εijδij + 2Gεij −
Ku − Kd

α δijζ,

p =
Ku − Kd

α
(
− αεij + ζ

)
,

(110)  

where ζ represents the fluid volume change per unit volume in the porous medium. 

6.1. Macromolecular network 

With reference to Fig. 3, the solid skeleton of a typical macromolecular network is a polymer network containing cross-linked 
polymer chains, which are assumed to be incompressible. We set the reference configuration of the polymer network as the so- 
called dry state, in which each polymer chain is arranged randomly and no pores exist between polymer chains. If the dry polymer 
network is put into a solvent environment, the fluid, which is also assumed to be incompressible, will flow into the network, which 
stretches the network and makes the network swell. We set the swollen state of the polymer network as the current configuration. Let λ0 
be the free-swelling stretch. The external load is applied on the current configuration. If the swollen network sustains a small 
deformation, then according to the results of Section 5, its mechanical behaviors can be described using a constitutive law of the Biot 
form, i.e., Eq. (110). Next, we illustrate how to connect the coefficients in Eq. (110) by properties of the solid skeleton, the fluid, and the 
solid-fluid surface. 

According to the properties of the classical Biot model (Detournay and Cheng, 1993; Hong et al., 2009), there exist two limit cases, 
i.e., the short-time deformation (undrained state) and the long-time deformation (drained state). The short-time deformation locally 
rearranges the small molecules, so that the network can change shape but not volume. The long-time deformation (drained state) does 
not conserve the number of small molecules locally, so that the network can change both shape and volume. 

We first consider the undrained state to determine the undrained bulk modulus Ku and the Biot effective stress coefficient α. 
Assuming that the network and fluid are both incompressible, we can obtain the mechanical parameters in the undrained state, i.e., the 
undrained bulk modulus as: 

Ku = ∞, (111)  

and the Biot effective stress coefficient as: 

α = 1. (112) 

In the drained state, the mechanical behaviors of the swollen network can be described by its Helmholtz free energy (Hong et al., 
2009), as: 

Ŵ
′

(Fs, μ) =
λ− 3

0

2
NkT

[
λ2

0I ′

− 3 − 2log
(
λ3

0J ′)]

−
kT
v

[
(
J ′

− λ− 3
0

)
log

J ′

λ3
0J ′

− 1

]

−
kT
v

χ
λ6

0J ′ ,

(113)  

where Fs is the deformation gradient of the current state relative to the free-swelling state, FiK is the components of Fs, I
′

= FiKFiK, J′

=

detFs, N is the number of polymeric chains per reference volume, v is the volume per solvent molecule, kT is the absolute temperature 
in the unit of energy, χ is a dimensionless measure of the surface energy between the network and fluid. When χ > 0, the fluid 
molecules like themselves better than they like the long-chained polymers. We should note that the free-energy density function is the 
free energy density for the drained state. Physically, Eq. (113) means that the free energy contains three contributions: elastic energy of 
polymer chains (i.e., the first term), mixing entropy (i.e., the second term), and surface energy between solid skeleton and fluid (i.e., the 
third term). 

According to Eq. (96), Eq. (100) and the linearization process detailed in Section 5, we can obtain the mechanical parameters of a 
porous medium with macromolecular network microstructure in its drained state, i.e., the drained bulk modulus: 

Kd =
kT
v

[

log
(
λ3

0 − 1
)
+

1
λ3

0 − 1
−

χ
λ6

0

]

+
2
3

NkT
λ0

, (114)  

and the shear modulus: 
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G =
NkT
λ0

, (115) 

Using the language of poromechanics, we will rewrite Eqs. (114) and (115). Firstly, we observe that Eq. (5) reduces to NkT for λ0 =

1, i.e., the dry gel state. In other words, NkT represents the shear modulus of the solid skeleton Gs. It should be noted that Gs = NkT is 
consistent with the shear modulus of rubber (Treloar, 1975). 

Secondly, we use porosity φ in the current configuration to replace the free-swelling stretch λ0 by φ =
λ3

0 − 1
λ3

0
. We should note that φ is 

determined by the dimensionless surface energy χ by (Hong et al., 2009): 

Nv
[

− 1+φ+(1 − φ)
1
3

]

+ log(φ) + 1 − φ + (1 − φ)2χ = 0, (116) 

Given that φ =
λ3

0 − 1
λ3

0 
and Gs = NkT, the drained bulk modulus can be rewritten as 

Kd =
kT
v

[

log
( φ

1 − φ

)
+

1 − φ
φ

− χ(1 − φ)2
]

+
2
3

NkT(1 − φ)
1
3, (117)  

whereas the shear modulus can be rewritten as: 

G = Gs(1 − φ)
1
3. (118)  

where φ is determined by the dimensionless surface energy χ by Eq. (116). 
Finally, Eqs. (111), (112), (117), and (118) give the coefficients in Eq. (110) in terms of the properties of solid skeleton, fluid and 

solid-fluid surface. 

6.2. Liquid inclusions 

For illustration, consider a porous medium containing liquid-filled spherical pores of radius R, as shown in Fig. 4. Assume the pores 
are connected by microchannels so that the liquid can move from pore to another, and the effect of these microchannels on the 
mechanical properties of the porous medium is negligible. The porous medium can thence be taken as a material containing liquid 
inclusions embedded in a solid matrix. The solid is assumed to be isotropic linear elastic, and the liquid is assumed to be linearly 
compressible. If the material sustains a small deformation, according to the results of Section 5, its mechanical behavior can be 
described using a constitutive law of the classical Biot form, i.e., Eq. (110). Similar to the case of macromolecular network, we show 
next how to determine the coefficients in Eq. (110) by the properties of solid skeleton, fluid, and solid-fluid surface. 

It should be noted that the fluid mass will not change in the undrained state, and the fluid pressure will not change in the drained 
state. Using the generalized self-consistent method (Christensen and Lo, 1979), we can obtain the following mechanical parameters for 

Fig. 4. Schematic of the microstructure of liquid inclusions. The liquid-filled pores are connected by microchannels so that the liquid can move from 
pore to another, and the effect of these microchannels on the mechanical properties of the porous medium is assumed negligible. Based upon the 
generalized self-consistent method (Christensen and Lo, 1979), under small deformation, we observe that there the porous medium exhibits two 
states: the undrained state when the volume change of the fluid is zero, and the drained state when the pore pressure is zero. 
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this microstructure: 
Shear modulus 

G
Gs

= 1 +

15
(

γ
GsR − 2

)

(− 1 + νs)

2(− 7 + 5νs) +
γ

GsR (− 17 + 19νs)
φ, (119) 

Undrained bulk modulus 

Ku

Ks
=

2[2(− 1 + 2νs)φ − (1 + νs)]
γ

KsR + 3[(1 + νs) + 2(1 − 2νs)φ]
Kf
Ks
+ 6(1 − 2νs)(1 − φ)

2(− 1 + φ)(1 + νs)
γ

KsR + 3(1 + νs)(1 − φ) Kf
Ks
+ 6(1 − 2νs) + 3(1 + νs)φ

, (120) 

Biot effective stress coefficient 

α =
9(1 − νs)φ

3[2(1 − 2νs) + (1 + νs)φ] + 2(1 + νs)(− 1 + φ)φ1
3 γ
KsR

, (121) 

Drained bulk modulus 

Kd

Ks
= 2

3(1 − 2νs)(1 − φ) + [2(− 1 + 2νs)φ − (1 + νs)]φ
1
3 γ
KsR

3[2(1 − 2νs) + (1 + νs)φ] + 2(1 + νs)(− 1 + φ)φ1
3 γ
KsR

. (122) 

Here, γ is the surface energy density of the liquid-solid surface, Gs, νs and Ks are the shear modulus, Poisson ratio and bulk modulus 
of the solid, respectively, and Kf is the bulk modulus of the fluid. Note that, since the expression we obtained for the shear modulus is 
too complicated, only the linear form with respect to the porosity is presented in Eq. (119). Further, the methods we employed to 
derive these formulas belong to the scope of micromechanics, not the continuum mechanics used in this study. Therefore, considering 
the theoretical consistence of the present work, we leave specific details of the derivation to a separate paper devoted to the analysis of 
various microstructures and hence only present explicit expressions of the mechanical properties for macromolecular network and 
liquid inclusions here. 

Note that when the solid skeleton is incompressible, Eq. (119) reduces to: 

G
Gs

= 1 +

5
(

γ
GsR − 2

)

5 γ
GsR + 6

φ, (123)  

which is the same as the case of dilute inclusions (Krichen et al., 2019). 

6.3. Results 

Using Eqs. (117) and (118), we present in Fig. 5 the predicted surface effects on the drained bulk modulus and shear modulus for a 
porous medium with macromolecular network microstructure. Different colors represent different shear moduli of the polymer 
network. We observe from Fig. 5(a) that the drained bulk modulus decreases as the surface energy is increased. Physically, this means 
that the greater the surface energy is, the more difficult the solid and fluid can contact with each other, and the easier to push the fluid 
out from the network. From Fig. 5(b) we observe that the shear modulus increases with increasing surface energy. The physical 
meaning is that the greater the surface energy, the smaller the porosity φ, and the denser the network. 

Fig. 5. Surface effects on drained bulk modulus and shear modulus for a porous medium with macromolecular network as its microstructure.χ is a 
dimensionless measure of the surface energy between the network and fluid. Different colors represent different shear moduli of the network. 
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According to Eqs. (122) and (119), we present in Fig. 6 how surface effects influence the drained bulk modulus and shear modulus 
of a porous medium with liquid inclusions. Different colors represent different porosities. We observe from Fig. 6(a) that the drained 
bulk modulus decreases with increasing surface energy. And the physical meaning is similar to that for the macromolecular network. 
We observe from Fig. 6(b) that the shear modulus increases as the surface energy is increased, which physically implies that part of the 
energy is stored on the solid-fluid surface when an external shear load is applied. 

It would be interesting to compare the two microstructures. Firstly, the drained bulk modulus decreases with increasing surface 
energy, and the physical mechanism underlying this is the same for both cases. However, although the shear modulus increases with 
increasing surface energy for both cases, the physical mechanisms are different for the two cases. The surface effects influence the shear 
modulus by changing the swelling extent for the macromolecular network, while surface effects influence the shear modulus by storage 
surface energy for liquid inclusions. In fact, the surface energy of the macromolecular network only depends on its bulk deformation 
(see Eq. (113)), thus does not change when external shear loading is applied on the network. 

Secondly, since the shear modulus increases with increasing surface energy for both cases, why do we intuitively conjecture that the 
existence of fluid softens the macromolecular network but stiffens the porous medium with embedded liquid inclusion (as described by 
the fourth paragraph of the Introduction)? In fact, we have chosen two different reference states when we make the stiffness com-
parison. For the macromolecular network, the reference state is the dry state. In the dry state, the polymer chains shrink together and 
do not want to contact with their environment. (The state of drying a bulk of hydrogel and putting it in the air approaches to this state, 
which is the reason why we name the state of polymer chains shrinking together as the dry state.) Actually, this state implies that the 
surface energy between the network and environment is infinite. For a macromolecular network, the reference state is the state of no 
surface effects (i.e., γ = 0). In summary, when we consider how the presence of fluid may affect the stiffness of a porous medium, 
different reference states chosen may lead to conflict intuitions, as discussed in the introduction of this paper. 

7. Discussion of surface effects 

Mathematically, the constitutive relation of (94) derived for a porous medium with surface effects is similar with that obtained for a 
porous medium without surface effects (Coussy et al., 1998a). The question therefore is: how does the solid-fluid interface inside the 
porous medium affect its constitutive behaviors? 

To answer the question, we explain how the surface stress balances with the stress on solid first. Consider a fluid-saturated porous 
medium with surface effects in a free state. In this case, the fluid inside the porous medium has the same pressure as the fluid in the 
outside (environment), which can be assumed to be zero for simplicity. We will therefore focus only on the mechanical state of the solid 
skeleton and the solid-fluid surface. 

With no external load applied, the total stress is zero: 

S = 0. (124) 

For the free state, according to (23), (24), (32), (33), (63) and (79), we have: 

S = Ss + Ssurf + Sf , (125)  

so that 

S(Cs = 0,m = 0,T = T0)

= Ss(Cs = 0,m = 0, T = T0) + Ssurf (Cs = 0,m = 0,T = T0)

= 0.
(126) 

In general, there is surface stress on the solid-fluid interface, i.e. Ssurf (Cs = 0,m = 0,T = T0) ∕= 0. According to (126), both the solid- 

Fig. 6. The influence of surface effects on the effective mechanical properties of the porous medium containing spherical liquid inclusions. Different 
colors represent different porosities (νs = 0.3). 
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fluid surface and the solid skeleton in the porous medium are in a state of residual stresses: 

Ssurf (Cs = 0,m= 0, T =T0) ∕= 0, Ss(Cs = 0,m= 0, T = T0) ∕= 0. (127) 

The physical meaning of (126) is that residual stress in the solid skeleton is balanced by residual stress on the solid-fluid surface. 
This equilibrium is similar to recent thermodynamic models, which emphasize the role of surface energy in adsorption/desorption 
induced swelling/shrinkage of porous materials (Li and Feng, 2016; Pan and Connell, 2007; Vandamme et al., 2010). They believed 
that the residual surface stress of solid-fluid interface induces residual stress in solid skeleton, which causes elastic strain in the solid 
skeleton even under a stress-free condition. Adsorption decreases the surface stress and consequently releases part of the elastic strain, 
which appears as swelling of the porous medium. These models have been used to quantitatively capture the evolution of strain and 
permeability during CO2 pressurization (Li and Feng, 2016; Vandamme et al., 2010). The existence of a swelling-contraction transition 
point and the anisotropic swelling behavior of coal specimens have also been predicted (Espinoza et al., 2013). 

Another more interesting example of swelling induced by surface effects stems from hydrogels. In the early years, a kind of special 
polymer was discovered. If the polymer was placed in an aqueous environment, the surface energy (or mixing enthalpy as in existing 
literature) between the polymer and water showed a bi-stable change with respect to temperature (Afroze et al., 2000; Schild, 1992). 
When this polymer is transformed to a hydrogel via a cross-linking agent, it has been found that the hydrogel exhibits snap-through 
instability during heating and/or cooling. Physical mechanisms underlying such snap-through instability of the temperature-sensitive 
hydrogel were explored by developing a large deformation theory of the hydrogel (Cai and Suo, 2011). These authors constructed first 
the Helmholtz free energy of the hydrogel by accounting for surface energy between the polymer network and water. Then they 
substituted the surface energy obtained by Afroze et al. (Afroze et al., 2000) into this free energy and found that, at a low temperature 
(T = 304 K), the free-energy function has a single minimum at a large volume, corresponding to a stable state of equilibrium - the 
swollen state. At a higher temperature (T = 306 K), the free-energy function has a single minimum at a small volume, corresponding to 
a stable state of equilibrium - the shrunk state. For an intermediate range of temperature, the free energy function has two local minima 
and one local maximum: the lower minimum corresponds to a stable state of equilibrium, the higher minimum corresponds to a 
metastable state of equilibrium, and the maximum corresponds to an unstable state of equilibrium. 

It should be noted that although the surface effects (i.e., swelling) of hydrogels have been well explained, the theoretical framework 
developed (Cai and Suo, 2011) falls within the classical poromechanics, with residual stress on solid-fluid surface neglected. In general, 
a continuum framework should contain contributions from all types of energy in the system (i.e., fluid-saturated porous medium), from 
which equilibrium corresponding to each energy type can be derived. In fact, although Cai and Suo ignored surface stress on solid-fluid 
interfaces in their theoretical framework, the free energy they constructed accounts for the influence of surface effects. This is why 
their model can be used to explain the phenomenon related to surface effects. Such result is thought-provoking: does this mean that, 
when the fluid-saturated porous medium (hydrogel) deforms, it does not overcome the surface stress to do work? As discussed at the 
end of Section 4.3.2, the present study provides a theoretical basis for this treatment: even if surface stress is considered, the solid-fluid 
interfaces and solid skeleton together can be regarded as a special type of solid, thus offering convenience for using the classical 
framework of poromechanics to deal with porous media with surface effects. 

Further, the framework developed in the present study enables the calculation of residual stress on solid-fluid interface. For 
illustration, we use the Helmholtz free energy Eq. (113) from existing literature (Hong et al., 2009), which has been used to analyze 
fluid-filled macromolecular network in Section 6, to quantify the surface stress on hydrogel. The Helmholtz free energy can be 
rewritten as: 

Ψ = Ψs + Ψsurf , (128)  

where Ψs is the free energy of the solid given by: 

Ψs =
λ− 3

0

2
NkT

[
λ2

0I ′

− 3 − 2log
(
λ3

0J ′)]
, (129)  

and Ψsurf is the free energy of solid-fluid interface given by: 

Ψsurf = −
kT
v

[
(
J ′

− λ− 3
0

)
log

J ′

λ3
0J ′

− 1

]

−
kT
v

χ
λ6

0J ′
. (130) 

The first term of Eq. (130) named mixing entropy represents the contribution of solid-fluid surface entropy, and the second term of 
Eq. (130) named mixing enthalpy represents the solid-fluid surface enthalpy. By the way, the entropy and enthalpy of mixing are 
established by Flory and Huggins (Flory, 1942; Huggins, 1941) individually, laying thus the foundations of hydrogel thermodynamics. 

According Eq. (94), the second Piola-Kirchhoff stress can be obtained by 

S =
∂Ψ
∂Cs

. (131) 

For hydrogels, the second Piola-Kirchhoff stress can thence be obtained as: 
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SKL

kT/v
= λ− 3

0 NvF− 1
iK

(
λ2

0FiL − HiL
)

− F− 1
iK

[

−
1
λ3

0
+ J ′ log

J
′

λ3
0J ′

− 1
−

χ
λ6

0J ′

]

HiL,

(132)  

where HiL is the transpose of the inverse of deformation gradient (i.e., H = F− T
s ). As the total stress is zero, we obtain the following 

balance of force: 

F− 1
iK

[

−
1
λ3

0
+ J′ log

J ′

λ3
0J ′

− 1
−

χ
λ6

0J ′

]

HiL = λ− 3
0 NvF− 1

iK

(
λ2

0FiL − HiL
)
, (133)  

where the LHS represents the surface stress on solid-fluid surface, and the RHS represents the residual stress in solid skeleton. In fact, 
Eq. (133) gives the expression of surface stress in hydrogel. The physical meaning of Eq. (133) is that surface stress on solid-fluid 
surface is balanced by residual stress in solid skeleton when the hydrogel is in free-swelling state. For a hydrogel in free state (i.e., 
FiK = I′iK,HiL = I′iL), there exists only axial stresses, implying that surface effects will generate swelling of the gel but cause no shear 
deformation. 

In recent years, the classical Biot theory (Biot, 1941) has been employed to describe the small deformation behaviors of 
fluid-saturated porous media containing micro or nanoscale pores, e.g., hydrogel (Hu et al., 2010) and liver tissue (Wang et al., 2020), 
where surface effects play important roles. However, in the presence of surface effects, the critical issue is whether Biot theory can be 
generally used without losing rationality. With strict mathematical development, this study reaches an important conclusion: under 
small deformation, as long as the restriction in Section 4.1 for each constituent is satisfied, the mechanical behaviors of a 
fluid-saturated porous medium with any pore size can be described using Biot theory, regardless of surface effects. The experimental 
results of cytoplasmic (pore size: ~30 nm) rheology are in line with the predictions of the Biot theory (Moeendarbary et al., 2013), 
consistent with the theoretical results of the current study. 

While our linearization results show that the mechanical behavior of a saturated porous medium with surface effects can still be 
described by Biot theory, the results also demonstrate the dependence of its moduli upon surface effects. This is the main difference 
between our theory and the existing theories of porous media with surface effects (Li and Feng, 2016). Existing studies believed that, in 
the presence of surface effects, the volumetric behavior needs to be modified but not the shear behavior. Nonetheless, recent results 
(Mancarella et al., 2016a) showed that, for a composite constructed by embedding small liquid inclusions (droplets) in a solid elastic 
matrix (which may be regarded as a special liquid filled porous media), surface tension does cause changes in its shear modulus. In fact, 
our estimations in Section 6 have proved that surface effects significantly affect both the effective shear modulus and drained bulk 
modulus of a fluid saturated porous medium. In follow-up studies, we will select fluid saturated porous media with representative 
microstructures, e.g., the macromolecular network (Hong et al., 2009, 2008), small liquid inclusions embedded in soft matrix (Chen 
et al., 2018), and saturated cellular foam with cubic unit cells (Xia et al., 2011), to systematically quantify the influence of surface 
effects on key poroelastic coefficients. We will further investigate how surface effects influence the other two properties, i.e., the bulk 
modulus Ku in undrained state and the Biot effective stress coefficient α. For example, we will show how surface effects on undrained 
bulk modulus depend on the ratio between the bulk modulus of the fluid and that of the solid skeleton. Further, the technical details 
omitted in this study will be presented in these follow-up studies. 

8. Concluding remarks 

A theoretical framework has been developed on the basis of mixture theory to characterize the mechanical behaviors of porous 
media with surface effects and check the validity of classical poromechanics theory (e.g., Biot theory) at sufficiently small scales where 
surface effects play important roles. Main results are summarized below.  

(1) Based on the homogenization assumption in mixture theory and Cauchy’s theorem, we prove that, mathematically, surface 
stress on solid-fluid interface can be expressed by a second order tensor defined at each point of the porous medium.  

(2) The developed framework includes mass conservation momentum balance as well as first and second laws of thermodynamics.  
(3) Based on the Clausius–Duhem inequality, restrictions on constitutive laws of porous material under surface effects are 

discussed.  
(4) We linearize the developed constitutive laws and prove that, in the presence of surface effects, the classical Biot theory still 

holds (at least in format) under small deformation; however, relevant parameters (e.g., effective moduli) appearing in the 
constitutive laws are dependent upon surface effects, thus need to be determined separately from either experimental mea-
surements or theoretical modeling once the microstructure of the fluid-saturated porous medium is known a priori.  

(5) The microstructures of a macromolecular network and an elastic matrix embedded with liquid inclusions have been separately 
employed as prototypes to demonstrate how their mechanical behaviors are related to the properties of three constituents, i.e., 
solid, fluid and solid-fluid interface, and determine explicitly the parameters appearing in their constitutive relations. 

The theoretical framework developed in the present study lays a solid foundation for further theoretical and experimental studies of 
porous media with surface effects. 
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