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A B S T R A C T   

Certain eukaryotic cells are believed to sense and respond to vibrational stimuli that are too small 
even to be transduced by mechanosensitive ion channels. One possible mechanism of signal 
amplification and transduction is torsional and translational resonance of the nucleus, the stiffest 
and densest organelle in a eukaryotic cell. To explore this possibility, we developed a theoretical 
model that analyzes the natural frequencies of torsional and translational vibrations of the nu-
cleus. The model predicts that the natural frequency for torsional vibration is dependent upon 
cytoskeletal contractility, while that for translational vibration is dependent upon cytoskeletal 
stiffness. Further analysis across many species and cell types suggests that, for most eukaryotic 
cells, torsional vibration is the dominant form of nuclear response to higher frequency stimuli, 
providing a new potential mechanism for frequency-based mechanotransduction.   

1. Introduction 

Although low-level vibration of the body has long been hypothesized in the mainstream mechanobiology and orthopedic literature 
to have therapeutic effects, the mechanisms underlying these effects are unknown, and their existence is a continued source of debate 
(Bacabac et al., 2006; Christiansen and Silva, 2006; Jing et al., 2017; Kim et al., 2012; Lynch et al., 2010; Tanaka et al., 2003; Turner 
et al., 1995). Some studies report that low-level vibration can take the place of exercise in certain ways (de Oliveira et al., 2019), but 
the literature has not reached consensus, and even amongst those who believe in these phenomena, reports of doses and frequency 
ranges that are efficacious are scattered and in conflict (Reynolds et al., 2018). Effects are reported at the level of individual cells in 
culture, with vibrational loading reported to affect viability and differentiation of stem cells (Edwards and Reilly, 2015; Tirkkonen 
et al., 2011), and at the level of multicellular systems, with lower-frequency vibrational loading possibly affecting human embryo 
development (Isachenko et al., 2011). Low intensity pulsed ultrasound may be a mechanism for a putative cancer therapy called 
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“sonodynamics” (Wood and Sehgal, 2015) or “oncotripsy” (Mittelstein et al., 2020; Schibber et al., 2019). Understanding the 
mechanisms underlying such treatments is critical for establishing and optimizing their efficacy. 

A number of potential pathways have been tested in the search for sources of putative physiological or therapeutic benefits of 
vibration, but none has yet been supported definitively (Prisby et al., 2008; Wood and Sehgal, 2015). Pathways that have been rejected 
by the literature include paracrine signaling and enhanced transport (Lynch et al., 2011). Higher powered vibrations from ultrasound 
can open ion channels (Kubanek et al., 2016), permeabilize cell membranes (Deng et al., 2004), and modulate action potentials 
(Gavrilov et al., 1996; Pan et al., 2018). However, frequencies outside of the lower range of ultrasound (e.g., shockwaves) are believed 
to be efficacious (Gamarra et al., 2010; Steinhauser and Schmidt, 2021; Wang et al., 2005), meaning that the phenomena that occur in 
ultrasound cannot fully explain reported effects of vibrations on cells. Membrane deformation is proposed as a mechanism of acoustic 
transduction in plants, but these require flexure of long, slender structures that are not present in the body (Liu et al., 2017; Peng et al., 
2020; Tran et al., 2021). Thus, the search for possible mechanisms motivates detailed analysis of the vibrational responses of cells. 

Others have developed simplified models of such responses by assuming the nucleus to be surrounded by isotropic cytoplasm 
(Heyden and Ortiz, 2016; Or and Kimmel, 2009; Schibber et al., 2019). However, in eukaryotic cells the nucleus connects to the cell 
membrane through a structured, fibrous cytoskeleton that is better approximated as having radially anisotropic or transversely 
isotropic initial stress and stiffness (Alisafaei et al., 2019; Qin et al., 2020). This has been established with some certainty for astrocytes 
(Wilhelmsson et al., 2006). A one-dimensional (1D) spring-mass-damper model has previously demonstrated the possibility that the 
relatively stiff and dense nucleus can vibrate within the cytoplasm, and estimated the natural frequency to be in the range of 10-1,000 
Hz (Or and Kimmel, 2009). Further, a three-dimensional (3D) finite element model estimated the natural frequency of cell to be on the 
order of 0.1 MHz (Heyden and Ortiz, 2016) and the influence of viscoelasticity on resonant frequencies has also been investigated 
(Heyden and Ortiz, 2017). We developed a 3D analytical model capable of accounting for cytoskeletal contractility and anisotropy to 
identify the ranges of cellular responses (i.e., torsional and translational vibrations of cell nuclei), which might be possible in response 
to mechanical stimuli and thereby establish targets for future experimentation testing the hypothesis that nuclear vibration is asso-
ciated with transduction of vibrational signals by eukaryotic cells. 

Figure 1. A model of translational and torsional vibrations of the cell nucleus under external stimuli. (a) Model of a eukaryotic cell within an 
effective extracellular matrix (ECM) environment that consists of neighboring cells and ECM proteins. (b) An objective is to determine the relative 
prevalence of torsional and translational vibrations. (c) Cytoskeletal filaments were modeled following published models in the literature (Alisafaei 
et al., 2019; Shakiba et al., 2020) as consisting of myosin with contractility F0 in parallel with microtubules and in series with actin. Each of these 
filaments has effective Young’s modulus Ef and diameter d. Our model reveals that the restoring force F as a result of the parallel displacement u due 
to the translation of the nucleus scales with the modulus Ef , while the restoring torque T as a result of the perpendicular displacement due to the 
torsion of the nucleus scales with the contractile force F0. (d) The nucleus vibrates with two degrees of freedom, constrained by normalized 
translational stiffness (3+κ) and normalized torsional stiffness (10+κε∗0) for a nucleus with unit mass. 
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The nucleus typically presents as a spheroid or ellipsoid that is a few microns in diameter (Dundr and Misteli, 2001). Compared to 
the surrounding cytoplasm, the nucleus has greater mass density (Michelet-Habchi et al., 2005) and ten times greater stiffness(Caille 
et al., 2002), potentially enabling it to serve as a harmonic oscillator (Or and Kimmel, 2009; Schibber et al., 2019). We proposed that 
such stimulation of the nucleus and its environment are associated with substantial changes to cellular differentiation and gene 
expression (Uhler and Shivashankar, 2017; Wang and Tytell, 2009). By extending analysis of the model of Alisafaei, et al., to account 
for vibration, we studied how the cytoskeleton interacts with a relatively rigid cell nucleus of an idealized cell, and how cytoskeletal 
tension and anisotropy govern the torsional and translational vibration of the nucleus (Fig. 1). 

2. Methods 

The fundamental (natural resonant) frequency corresponds to some peaks of the eigenfrequency spectrum, at which the amplitude 
of vibration is amplified. This frequency is an inherent property of a structure that depends on the structure’s geometry and mechanical 
properties. We expect energy to be concentrated in the translational and rotational modes of the nucleus because of the mismatch in 
density and stiffness. We developed a theoretical model to analyze the modal shapes and natural frequencies of nuclear torsional and 
translational vibrations (Fig. 1b). As the elastic modulus of the nucleus (~5 kPa) is much larger than that of cytoplasm (~500 Pa) 
(Caille et al., 2002), the nucleus was considered as a rigid, linear inviscid sphere embedded in cytoplasm and extracellular matrix 
(ECM). 

2.1. First-order Walpole model for a fluidized cytoskeleton 

The simplest, baseline model was a combination of linear vibrational analysis and the Walpole solutions for translation and torsion 
of an ellipsoidal inclusion within an infinite, isotropic, linear solid (Walpole, 1991a,b). The cell cytoskeleton in this case would be 
fluidized, as can occur after rapid stretch (Krishnan et al., 2009; Lee et al., 2012; Nekouzadeh et al., 2008). 

For a spherical nucleus with the radius rn, the torsional vibration of nucleus follows the governing equation Iφ̈ + Ktδ = 0, where I 
= 2

5 mrn
2 is the moment of inertia and Kt is the effective resistance to torsional motion of nucleus. Walpole developed the theoretical 

solution for an infinitesimally rotated rigid ellipsoidal inclusion in an isotropic infinite elastic medium (Walpole, 1991b). For a sphere, 
the restoring moment for a small angular displacement δ is T = − 8πrn

3Gδ. Thus, the torsional stiffness of nucleus is Kt =
dT
dφ = 8πrn

3G, 
and the natural frequency for torsional vibration of nucleus is: 

ftors =
1

2π

̅̅̅̅̅
Kt

I

√

=

̅̅̅̅̅̅̅̅̅̅̅̅
5
π

Grn

m

√

(1)  

where m is the mass of nucleus, and G is the effective shear modulus of cytoplasm and ECM. 
Translational vibration follows the governing equation mü+ Ku = 0, where K is the effective translational stiffness. We applied 

Walpole’s solution for the translation of a rigid ellipsoidal inclusion in an isotropic infinite elastic medium (Walpole, 1991a). For a 
sphere, the relation between the reaction force F of the medium surrounding the nucleus and the displacement u of the nucleus is F = −

6πGrnu. This relation was applied to an analytical model of translational vibration of nucleus (Or and Kimmel, 2009). Thus, the 
translation stiffness of nucleus is K = dF

du = 6πGrn. Consequently, the natural frequency of translational vibration of nucleus yields 

ftran =
1

2π

̅̅̅̅
K
m

√

=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅
3

2π
Grn

m

√

(2)  

2.2. Influence of the cytoskeleton 

A more detailed solid mechanics approach was adopted to model the fibrous nature of the cytoskeleton. Following Alisafaei, et al. 
(Alisafaei et al., 2019), we considered a radially anisotropic cytoskeleton dominated by actomyosin contractile elements and mi-
crotubules (Fig. 1c). The nucleus is suspended by many well distributed cytoskeletal filaments (number N, Young’s modulus Ef , 
diameter d and length l) embedded in an isotropic cytoplasm (shear modulus Gcp), with the distal ends of the cytoskeletal filaments 
affixed to the plasma membrane (Jean et al., 2005; Milner et al., 2012). For an individual fiber, by considering an infinitesimal 
translation of the nucleus (u) or a torsion angle of (δ), we found that the restoring force F scales with the modulus Ef , while the restoring 
torque T scales with the contractile force F0 (Fig. 1(c)). We further extended this to a 3D model by considering a uniform distribution of 
filaments in all directions. 

For torsional vibration, when the nucleus deviates from its equilibrium position with a small angular displacement (δ), each 
filament exerts a reaction torque on the nucleus that can be calculated as follows. The reaction force of this filament is 

F = Ef Aε + Fo (3)  

where A is the cross-sectional area of each filament, ε is the strain of each filament, and Fo is the initial contractile force of each 
filament. From the law of cosines, 

l′2 = (rn + l)2
+ rn

2 − 2rn(rn + l)cosδ (4) 
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This gives 

ε =
l′ − l

l
=

rn(rn + l)
2l2 δ2 (5)  

Thus, the reaction force is given by 

F = Ef A
rn(rn + l)

2l2 δ2 + Fo (6)  

The reaction torque on the nucleus from a single filament is 

Tf = Frnsin
(

rn + l
l

δ
)

= − Ef A
rn(rn + l)2

2l3 δ3 − Fo
rn(rn + l)

l
δ (7)  

We expect small angular displacements, δ3 ≪ δ, and thus simplify Tf as 

Tf ≈ − Fo
rn(rn + l)

l
δ (8)  

As a result, the total moment provided by the cytoskeleton filaments is 

Tf = − Fo
rn(rn + l)

l
δ

∑

[πrn

ζ

]

j=1

∑

[
2πrnsinθ

ζ

]

i=1
sin2

(

j
ζ
rn

)

≈ − Fo
rn(rn + l)

l
δ

N
4π

∫2π

0

∫π

0
sin3θdθdφ = − Fo

rn(rn + l)
l

δ
N
4π 2π 4

3
= −

2
3

NFo
rn(rn + l)

l
δ

(9)  

Thus, the torsional stiffness is modified as Kt = 8πrn
3G + 2N

3 Fo
rn(rn+l)

l and the natural frequency for nuclear torsional vibration is 

ftors =
1

2π

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

20πGrn +
5N
3 Fo

rn+l
rn l

m

√

(10)  

As for the translational vibration, when the nucleus deviates from its equilibrium position with a small translational displacement (u), 
every filament exerts a reaction force on the nucleus. The total reaction force of filaments along the displacement is 

Ff =
E’

f A
l

Δl + Fo (11)  

where Δl = ucosθ, E’

f is the effective Young’s modulus of filaments, and d is the diameter of the filaments. The two ends of each in-
dividual filament are connected to the extracellular matrix and the nucleus, respectively, such that the effective Young’s modulus of 
filaments E’

f is corrected by a factor ω through E’

f = ωEf . The correction factor can be calculated by (Liu et al., 2017; Lubarda, 2013) 

1
ω =

Ef

l

(
(1 − vcm

2)d
Ecm

+
l

Ef
+
(1 − vne

2)d
Ene

)

(12) 

Projecting the force along the direction of u, we arrive at 

F = −
ωEf A

l
ucos2θ − Focosθ (13) 

Considering that the total effective number of filaments on the nucleus is N, the space between filaments could be estimated as ζ =
̅̅̅̅
4π
N

√

rn. Assuming that the filaments are uniformly distributed on the nuclear envelope, the total force on the nucleus is given by 

Ff =
∑

[πrn

ζ

]

j=0

∑

[
2πrnsinθ

ζ

]

i=1
−

ωEf A
l

cos2θu

≈ −
ωEf A

l
u

N
4π

∫2π

0

∫π

0
cos2θsinθdθdφ = −

ωEf A
l

u
N
4π 2π

∫π

0

(
sinθ − sin3θ

)
dθ = −

ωEf A
l

u
N
2

(

2 −
4
3

)

= −
1
3

N
E’

f A
l

u

(14)  

where θ = j ζ
r. 

1
3 NEf A/l is the effective stiffness of cytoskeletal filaments. Thus, the translational stiffness is modified as K = 6πGrn +
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1
3 N Ef

’ A
l and the natural frequency of nuclear translational vibration is 

ftran =
1

2π

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

6πGrn +
1
3 N

E′

f A
l

m

√

(15)  

2.3. Influence of cell-cell interactions 

Cell-cell interactions have long been known to affect mechanotransduction (Marquez et al., 2010; Wang et al., 2014). These in-
teractions were modeled by varying the ratio of radius of nucleus to that of cell, η = rn/rc. For η <<1, the nucleus responds as if 
embedded in an infinitely large medium of cytoplasm. For larger η, the elastic resistance comes not only from deformation of the 
cytoplasm, but also from the ECM. In the latter case, the ECM affects the effective shear modulus of the medium within which the 
nucleus vibrates, and for a nucleus occupying the majority of the cell (η → 1), the nucleus can be considered to be vibrating in ECM. 
The effective shear modulus surrounding the nucleus is linearized by 

G =

(

1 −
rn

rc

)

Gcp +
rn

rc
GECM (16)  

where GECM is the shear modulus of ECM. 
For translational vibration, the effective Young’s modulus of the cytoskeleton filaments E′

f is significantly influenced by ECM, 
which could be described by 

1
E′

f
=

πd2

4l

(
1

kECM
+

1
kf

)

(17)  

where kf =
πd2

4l Ef is the stiffness of cytoskeleton filaments. The effective stiffness of ECM kECM was estimated by solving for the elastic 
field associated with exerting a uniform pressure on the semi-infinite elastic solid (Johnson, 1985; Love, 1929), which gives 

kECM =
πdEECM

4(1 − vECM
2)

(18)  

where EECM is the Young’s modulus of the ECM and vECM is the its Poisson ratio. 

Figure 2. Effect of cytoskeletal filament density on natural frequency of nuclear vibration. (a) Normalized frequency f/f0 of translational and 
torsional vibrations increases with the density of cytoskeleton filaments N for all levels of normalized contractility Fo. The scale is characteristic 
frequency f0 = 3.12 kHz. (b) Maximum normalized displacement in one direction of frequency analysis in a three-dimensional finite element 
simulation. The first order vibration of the cell nucleus is translational (I), while the second order vibration is torsional (II). ftors and ftran represent 
natural frequencies of torsional and translational vibrations, respectively. Fo is the dimensionless contractility of the cytoskeleton. 
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3. Results and discussion 

The natural frequency of torsional vibration is dependent on cytoskeletal contractility, while that of translational vibration is 
dependent on cytoskeletal stiffness. Our models predict that torsional and vibrational oscillations of the nucleus depend strongly on 
cytoskeletal contraction and stiffness, and that the natural frequencies of these oscillations occur over a much broader range than 
earlier, simplified models predicted. With increasing numbers of cytoskeletal filaments, the fundamental frequency for torsional vi-
bration increases provided that some cytoskeletal contractility is present (Fig. 2a). However, the fundamental frequency for trans-
lational vibration is independent of cytoskeletal contractility (Fig. 2a). 

Closed form estimates are available for the case of cells with their cytoskeletons fluidized, as occurs following sufficient stretch, and 

for the case in which the nucleus is very small compared to the cell radius. For this case, ftors =
1
2π

̅̅̅̅̅̅̅̅̅̅̅
20πGrn

m

√

=
̅̅̅̅̅̅̅̅
20π

√
f0 and ftran =

1
2π

̅̅̅̅̅̅̅̅̅
6πGrn

m

√

=
̅̅̅̅̅̅
6π

√
f0, where f0 = 1

2π

̅̅̅̅̅̅̅̅
Gcprn

m

√

= 3.12 kHz is the characteristic frequency. This was confirmed by finite element modal analysis of a 
rigid sphere embedded in an infinite matrix (Fig. 2b). Thus, translational vibration occurs at a lower frequency under these circum-
stances. For baseline parameters (Table 1), this corresponds to ftran = 0.061 MHz (

̅̅̅̅̅̅
6π

√
f0), while the second order vibration is torsional 

vibration at a frequency of ftors = 0.112 MHz (
̅̅̅̅̅̅̅̅
20π

√
f0) (Fig. 2a), which is consistent with the response frequencies of cells to ultrasound 

(0.50-0.67 MHz) (Mittelstein et al., 2020). 
These expressions and their extensions could be derived from Eqs. (10) and (15). The natural frequency of torsional vibration scales 

as: 

ftors = f0

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

20π(1 − η + ηβ) +
5N
3

πα21 − η
η2 Fo

√

(19)  

where α = d
l is the slenderness ratio of cytoskeletal filaments, β = GECM

Gcp 
is the normalized shear modulus of the ECM, and Fo =

Fo
Gcpπd2 is the 

dimensionless initial contractility of cytoskeleton filaments. This approaches 
̅̅̅̅̅̅̅̅̅̅̅
20πβ

√
f0 for a relatively large nucleus (i.e., η → 1). F 

Table 1 
Parameters used in the model of nucleus vibration  

Parameter Symbol Value Baseline 

Density of nucleus ρ  1.43 × 103 kg m− 3 (Baddour et al., 2005)  1× 103 kg m− 3  

Young’s modulus of cytoplasm Ecp  500 Pa (Caille et al., 2002) 
500 Pa (Or and Kimmel, 2009) 
250 Pa (Barreto et al., 2013) 

500 Pa 

Poisson ratio of cytoplasm νcp  0.49 (Barreto et al., 2013) 0.49 
Shear modulus of cytoplasm Gcp = Ecp/[2(1 + νcp)] 160 Pa (calculated) 
Poisson ratio of extracellular matrix νECM   0.3 (assumed) 
Shear modulus of cytoplasm GECM = EECM/[2(1 +

νECM)]

Normalized shear modulus of extracellular matrix β =
GECM

Gcp   

1 (assumed) 

Young’s modulus of cell nucleus Ecn  1 kPa (Barreto et al., 2013) rigid 
Young’s modulus of cytoskeleton filaments Ef  2 GPa (microtubules) (Barreto et al., 

2013) 
2.60 GPa (Barreto et al., 2013) 
1.20 GPa (microtubules) (Kardas et al., 
2013) 

1 GPa 

Initial contractility ρ0  0.5 kPa (Alisafaei et al., 2019) 1 kPa 
Number of cytoskeleton filaments N  16,000 (Zeng et al., 2012) 16,000 
Diameter of cytoskeleton filaments d   10 nm 
Radius of cell rc  15 µm (Zeng et al., 2012) 20 μm 
Radius of nucleus rn  6.5 µm (Zeng et al., 2012) 10 μm 
Mass of nucleus m =

4
3

πr2
nρ    4.18×10-12kg 

(calculated)  
Characteristic frequency 

f0 =
1
2π

̅̅̅̅̅̅̅̅̅̅̅
Gcprn

m

√ 3.12 kHz (calculated) 

Length of cytoskeleton filaments l = rc − rn  3.5-4 µm (Zeng et al., 2012) 10 μm 
Slenderness ratio of cytoskeleton filament α =

d
l   

1×10-3 (calculated) 

Initial contractile force of cytoskeleton filament 
Fo=

4πr2
n

N
ρ0   

7.8×10-11 N (calculated) 

Initial strain due to initial Contractility of cytoskeleton 
filaments 

εo =
Fo

πd2ξEf    
Dimensionless contractility of cytoskeleton filament Fo =

Fo

Gcpπd2   
1.55×103 (calculated)  
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increases with increasing contractile force and decreases with increasing cytoskeletal stiffness. The natural frequency for torsional 
vibration increases as N increases (Fig. 2a). 

The natural frequency of translational vibration of the nucleus scales as 

ftran = f0

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

6π(1 − η + ηβ) +
Nkf

12
πα21 − η

η

√

(20)  

where kf =
ξEf
Gcp 

is the dimensionless stiffness of a cytoskeletal filament, in which ξ =

(

1 + α(1 − vECM
2)

Ef
EECM

)− 1 
represents the influence 

of the ECM on the stiffness of cytoskeletal filaments. The natural frequency of nuclear torsional vibration approaches 
̅̅̅̅̅̅̅̅
6πβ

√
f0 as the size 

of nucleus approaches that of the cell (i.e., η → 1) (Fig. 2a). 
Comparing Eq. (19) with Eq. (20) leads to the conclusion that the natural frequency of torsional vibration is dependent on the 

dimensionless initial contractility (Fo), while the translational vibration is dependent on the dimensionless cytoskeletal filament 
stiffness (kf ). 

Torsional vibration dominates the regime of higher frequency of cell nucleus vibration in most cells. Combining Eqs. (19) and (20), 
the ratio of natural frequency of torsional vibration to the natural frequency of linear vibration yields 

ftors

ftran
=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
10 + κε∗0

3 + κ

√

(21)  

where ε∗0 = 20Fo/(ηkf ) is the initial strain due to initial contractility of cytoskeleton filaments, and κ = N
24

ξEf
Gcp

α2 1− η
η(1− η+ηβ) is the dimen-

sionless effective stiffness of the entire cytoskeleton. The Eq. (21) can be explained by that the nucleus vibrates in two degrees of 
freedom with the normalized translational stiffness (3+κ) and normalized torsional stiffness (10+κε∗0) for a nucleus with unit mass 
(Fig. 1d). With a fluidized cytoskeleton (κ → 0), the ratio of natural frequency of torsional vibration to that of translational vibration is 
̅̅̅̅
10
3

√

, suggesting that the natural frequency of torsional vibration, in this special case, is in the same order as that of translational 

Figure 3. The ratio of natural frequency of torsional vibration to that of translational vibration increases with the initial strain for different 

dimensionless effective stiffness of cytoskeleton filaments κ. The frequency ratio ftors
ftran 

is between the two limits of 
̅̅̅̅
10
3

√

at κ = 0 and 
̅̅̅̅̅
ε∗0

√
at κ → ∞. 

There is a fixed point at (10
3 , 

̅̅̅̅
10
3

√

). ftors and ftran represent the natural frequencies of torsional and translational vibrations, respectively. 
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vibration. 
The ratio of the natural frequency of torsional vibration to the translational vibration increases with the initial strain ε∗0 for different 

dimensionless effective cytoskeletal stiffness κ (Fig. 3). When filaments are much softer than the cytoplasm (i.e., κ ≪ 1), the ratio ftors
ftran 

approaches the isotropic solution 
̅̅̅̅
10
3

√

, and when the filament is much stiffer than the cytoplasm (i.e., κ ≫ 1), the ratio ftors
ftran 

approaches 

the anisotropic solution 
̅̅̅̅̅
ε∗0

√
. 

For the fundamental frequency of torsional vibration to be smaller than that of translational vibration, the following inequality 
must hold: 

κ
(
1 − ε∗0

)〉
7 (22)  

This inequality indicates that torsional vibration dominates the lower frequency regime of vibrations of the cell nucleus (green region 
in Fig. 4). A smaller elastic modulus of the ECM results in a smaller natural frequency of both the translational and torsional vibrations. 
Animal cells typically have nuclei sized in half so that η is on the order of 0.5 (Table 2). For animal cells embedded in either soft ECM 
(~kPa) (e.g., embryonic stem cells, neurons and neuronal stem cells, bone marrow stem cell, and lung cancer cells), or stiff ECM (~10 
GPa) (e.g., osteocyte, hematopoietic stem cell), the low frequency regime is governed by translational vibration while the high fre-
quency regime is governed by torsional vibration. For intermediate ECM stiffness (~MPa) (e.g., fibroblasts and, muscle stem cells), it is 
possible that the fundamental frequency of torsional vibration is smaller than that for translational vibration because equation Eq. (21) 
is non-monotonic with the respect to ECM stiffness. Liver cells are an exception, as they have relatively small nuclei (η < 0.1) and 
compliant ECM (~kPa), and can thus cross the phase boundary to the region of ftors

ftran
< 1. 

Plant cells typically have small nuclei (η<0.1). Cells within a stiff extracellular environment (~GPa), like pavement cells of Ara-
bidopsis thaliana, respond to low frequency stimulation with translational vibration and to high frequency stimulation with torsional 
vibration. Cells within ECM of medium stiffness (~MPa), like bamboo cells and parenchymal cells (e.g., potato cell, carrot cell and 
apple cell), are very close to the phase boundary like animal cells. Across a great many species and cell types, torsional vibration 
governs the high frequency regime while translational vibration governs the low frequency regime of nuclear response (Fig. 4). 

Although therapeutic effects of vibration continue to be ambiguous, contradictory, and debated, these results provide a potential 
framework for experiment. What do these results mean for the many proposed mechanisms for vibrational therapy? The results in the 
paper do not support or refute any of the broad and contradictory literature on the topic. However, they do point to certain scaling laws 
that provide a framework for exploring these putative effects, and we conclude by outlining what the simple scaling relations derived 
here suggest. 

First, if low amplitude vibrations are indeed transduced by cells in a meaningful way, and if the transduction likely occurs, as our 
arguments in the introduction suggest, on the interior of the cell, then the nucleus is likely involved because of the density mismatch 

Figure 4. Natural frequency of torsional vibration versus translational vibration of the nucleus for a range of cell types. Torsional vibration 
dominates the regime of higher frequency (i.e., ftors > ftran) for nuclear vibration in most cells, while torsional vibration dominates the regime of low 
frequency response (i.e., ftors < ftran) of some types of cells (e.g., chondrocytes and liver cells). The contour lines represent the frequency ratio ftors

ftran 
= 1, 

2, 4, 8. 
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Table 2 
Range of parameters for different cells  

Tissue Cell Type rn (μm) rc (μm) EECM (Pa)

Bone Osteocyte 2.50* 5.00-10.0 (Kleinnulend et al., 2012) # 1.04-1.48 ×1010(trabecular) (Rho et al., 1993) 
1.86-2.07E×1010 (cortical bone) (Rho et al., 1993) 

Cartilage Chondrocyte ~2.50 (Leipzig and Athanasiou, 2008) # ~4.00 (Leipzig and Athanasiou, 2008) # 0.40-1.18 ×106 (superficial layer, Bovine articular cartilage) ( 
Schinagl et al., 1997) 
0.70-1.58×106 (ninth layer, Bovine articular cartilage) (Schinagl 
et al., 1997) 

Brain Neuron 7.00-10.00 (Sinnamon et al., 2012) 15.00 (Sinnamon et al., 2012) 0.100-1.00×103 (Tyler, 2012)  
Neuron stem cell 3.5* 7 (Saha et al., 2008) # 3.24×103 (Miller et al., 2000)  
Microglial cell 4 (Moshayedi et al., 2014) # 5 (Moshayedi et al., 2014) # 1.0-4.7×102 (Moeendarbary et al., 2017) 

2.5-5.0×102 (Pogoda et al., 2014)  
Microglial cell in a glial scar 4 (Moshayedi et al., 2014) # 5 (Moshayedi et al., 2014) # 0.2-1.2×102 (Moeendarbary et al., 2017)  
Astrocyte 4 (Moshayedi et al., 2014) # 25 (Wilhelmsson et al., 2006) 1.0-4.7×102 (Moeendarbary et al., 2017) 

2.5-5.0×102 (Pogoda et al., 2014)  
Astrocyte in a glial scar 4 (Moshayedi et al., 2014) # 25 (Wilhelmsson et al., 2006) 0.2-1.2×102 (Moeendarbary et al., 2017) 

Liver Hepatocyte 2.92-3.71 (Ranek et al., 1975) 10.85-14.85 (Darr and Hubel, 1997) 6.40×102 (Yeh et al., 2002)  
Liver cell (liver fibrosis) 2.92-3.71 (Ranek et al., 1975) 10.85-14.85 (Darr and Hubel, 1997) 1.65×103 (Yeh et al., 2002)  
Liver cell (cholangiocarcinoma) 2.92-3.71 (Ranek et al., 1975) 10.85-14.85 (Darr and Hubel, 1997) 3.00×103 (Yeh et al., 2002)  
Liver cell (focal nodular 
hyperplasia) 

2.92-3.71 (Ranek et al., 1975) 10.85-14.85 (Darr and Hubel, 1997) 1.08×103 (Yeh et al., 2002)  

Muscle Skeletal muscle cell 10 (Swailes et al., 2006) # 20 (Swailes et al., 2006) # 1.00-3.00×105 (Munoz-Pinto et al., 2010)  
Muscle stem cell 3-6 (Muscle satellite cells) (Labarge and 

Blau, 2002) # 
10-15 (Muscle satellite cells) (Labarge and 
Blau, 2002) # 

0.896-1.11×105 (Cardiac muscle cells) (Anshu et al., 2001) 
2.12-2.82×104 (Skeletal muscle cells) (Anshu et al., 2001) 

Lungs Lung cancer cell 5 (Kao et al., 2016) # 10 (Kao et al., 2016) # 1.00-5.00×103 (Yi et al., 2016) 
Embryo Embryonic stem cell 5-10 (Neural progenitors) (Reubinoff et al., 

2001) †

3-6 (Adewumi et al., 2007)# 

2-4 (Embryonic stem cell) (Paierowski 
et al., 2007) # 

8-12 (Adewumi et al., 2007)# 10-200E+03(Embryonic chicken cardiocytes) (Anshu et al., 2001) 
5-108E+03(microscale, embryonic tendon of chick) (Marturano 
et al., 2013) 
7-21×103(microscale, embryonic tendon of chick) (Marturano 
et al., 2013) 

Bone marrow Hematopoietic stem cell 3-6 (Theise et al., 2003)# 

3-4 μm (Paierowski et al., 2007) # 
10-15 (Theise et al., 2003)# 0.025-2.47×104 (Jansen et al., 2015) 

Leaf of A. thaliana Pavement cell 2.00* 15.0-20.0 (Zhou et al., 2016)# 0.0035-3.50×1010 (Liu et al., 2017) 
Potato tuber Perimedullar cell 10.6* 95-117 (Gibson, 2012) 3.60×106 (Gibson, 2012) 
Carrot tap root Cortical cell 3.6* ~36 (Gibson, 2012) # 2-14×106 (Gibson, 2012) 
Apple hypanthium Hypanthium cell 8* 19-82 (Liu et al., 2019) 2.8-5.8 ×106 (Gibson, 2012) 
Bamboo 

parenchyma 
Parenchyma cell 2.5* ~25 (Dixon et al., 2017) # 3.5-4.0×1010 (Gibson, 2012)  

* Estimated value. The ratio of nuclear size to cell size is assumed to be 0.5 for animal and 0.1 for plant, respectively. 
# Measured value from the figures in references. 
† In the calculation, the maximum radius of nucleus is taken to be the minimum radius of cell. 
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with the cytoplasm. Our results thus suggest that the first place to look is to search for motion of the nucleus relative to the cell 
membrane or cell wall. 

Second, if such motion can be detected, it should undergo an increase of mode transformation frequency. At lower frequencies, 
torsional motions of the nucleus should dominate the vibrational responses of the cell. Translational motions should become evident as 
the frequency of excitation increases. 

Third, if mechanotherapeutics do indeed work over prescribed frequency ranges, the search for mechanisms underlying these 
effects should involve the ways that torsional and translational vibrations trigger different mechanical signaling pathways. For 
instance, torsional vibration can generate shear stress on the nuclear envelope, while translational vibration can generate normal 
stresses. 

Finally, the framework suggests ways that changes the mechanical microenvironments of cells can affect nuclear transduction of 
vibration. In diseases accompanied by softening or stiffening of the ECM (e.g., cirrhosis of the liver and certain tumors), and in injury 
responses such as glial scarring, changes to the mechanical microenvironment can affect the fundamental frequencies and their ratios. 
For both microglial cells and astrocyte in glial scars, injury should result in the increase of frequency ratio of torsional vibration to 
translational vibration. Liver cell responses appear to change with disease and fibrosis so that the fundamental frequency of torsional 
vibration might drop even below that of translational vibration. Tuning mechanochemical microenvironmental factors such as ECM 
stiffness and cytoskeletal contractility can have substantial effect on vibrational response. This study provides a framework for 
exploring the possibility of frequency-based mechanotherapy, and possibly mechanogenetics. 

4. Conclusion 

By developing a theoretical model to characterize the torsional vibration and translational vibration of the nucleus, we identify a 
range of phenomena that can be used to assess the role of nuclear motion in putative therapeutic effects of low frequency vibration. 
Predictions show that the natural frequency of torsional vibration is dependent on initial cytoskeletal contractility, while translational 
vibration is dependent on the stiffness of the cytoskeleton. Torsional vibration dominates the high frequency regime of cell nucleus 
responses for most cells. Results suggest experiments to explore possible mechanisms of frequency-based cellular/nuclear 
mechanotransduction. 
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