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a b s t r a c t

A theoretical model is established to evaluate the sound absorption performance of un-
derwater anechoic layers containing periodically distributed axial holes. Based on the
concept for homogenized equivalent layer and on the theory of wave propagation in
viscoelastic cylindrical tubes, the transfer function method is used to obtain the absorption
coefficient of the anechoic layer adhered on the rigid plate. Three different types of axial
holes are considered, the cylindrical, the conical and the horn shaped one. Results obtained
with full finite element simulations are used to validate the model predictions. For each
hole type, the vibration characteristics of the anechoic layer as well as the propagation of
longitudinal and transverse waves in the layer are analyzed in detail to explore the
physical mechanisms underlying its absorption performance. Furthermore, a three-
dimensional finite element model for oblique incidence is developed to study the effect
of hole shape at different incidence angles. The results show that two new absorption
peaks appear since the oblique incidence excites two horizontal modes. Among the three
hole types, the horn one achieves the best absorption performance at relatively low fre-
quencies both in normal incidence and in oblique incidence.

© 2018 Elsevier Ltd. All rights reserved.
1. Introduction

Underwater anechoic layer is vital for the acoustic stealth of submarines, which is usually made up of rubber coatings
containing periodically distributed inner holes. Early in the 1950s, Blake [1], White [2] and Meyer et al. [3] investigated
oscillations and wave propagation in solid media with inner holes. Gaunaurd [4] then established an one-dimensional (1D)
model to analyze the eigenfrequency and acoustic absorption of a viscoelastic medium containing short cylindrical holes.
Subsequently, Lane [5] and Gaunaurd [6] revealed two types of resonance mechanism for Alberich anechoic layers, i.e., radial
motion of hole wall and drum-like oscillation of cover layer, and discussed their relative importance. While Jackins et al. [7]
and Strifors et al. [8] studied the reflection of bilaminar structures, Jackins et al. [7] constructed the resonance scattering
theory for the reflection of a bilaminar rubber containing spherical air-filled perforations of various concentrations in each
layer. Taking the fluid-loaded coated elastic plate into consideration, Strifors et al. [8] analyzed the reflection of a bilaminar
structure consisted of a viscoelastic coating and a coated elastic plate. It has been established that the method of transfer
function is convenient for calculating the acoustic characteristics of multilayered structures. Cervenka et al. [9] deduced the
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transfer matrix of a multilayered structure of which each layer can be either liquid or solid. Stepanishen et al. [10] and Liang
et al. [11] studied the acoustic performance of a multilayered structure at oblique incidence, using the transfer function
method. As to the anechoic layer with gradually varying axial holes, the concept of equivalent layering needs to be introduced.
Tang et al. [12] proposed a two-dimension analytical model for axisymmetric wave propagating in cylindrical tubes, and
concluded that only the first effective wave propagation mode needed to be considered at low frequencies. Further, by
applying the transfer function method, Tao [13] studied such a kind of anechoic layers containing conical, sinusoidal or
cosinoidal holes by layering the gradually varying axial holes into a cluster of cylindrical holes with different diameters so that
each layer may be approximated as a cylindrical tube. .

Apart from theoretical analyses, finite elementmethod (FEM) has been employed to study various kinds of anechoic layers.
Hennion et al. [14] and Easwaran et al. [15] developed finite element (FE) models to calculate the acoustic properties of
anechoic layer containing doubly periodic holes. Langlet et al. [16] further investigated the difference in resonance fre-
quencies between plates without holes and those with holes, while Hennion et al. [17] constructed a FE model for anechoic
layer containing grating of elastic tubes. Panigrahi et al. [18] investigated acoustic coatings with different sizes of air channel
adhered on the same side or different sides of a steel wall. In addition to FEM, experimentally, Peng et al. [19] developed a
modified method to measure the transmission coefficient of a multilayer acoustical panel in impedance tube. They improved
the measuring precision and reduced the demand of the tube end.

Although acoustic coatings containing solid particles that may play the role of scattering [20] or local resonance have been
proposed [21e24], such coatings are relatively heavy in comparison with those containing inner holes. It is therefore
important to investigate the influence of hole shape on acoustic properties of coatings containing inner holes. Ivansson
studied anechoic coatings with spherical [25] and superellipsoid [26] holes by adapting techniques used in electron scattering
and band-gap computations for photonic and phononic crystals. Ivansson [27] compared anechoic coatings containing cy-
lindrical holes having different cross-sectional shapes (circle, ellipse and superellipse) and used Markov-chain Monte Carlo
method to obtain optimal solutions. Shang et al. [28] found that conical holes are superior to cylindrical holes for enhancing
the sound absorption performance of anechoic layers. On the other hand, the backing effects [29e31] have been well
investigated when the anechoic layer is attached with elastic plates in recent years. However, these works [29e31] still lack
detailed analyses for the effect of different inner holes in anechoic layers. In this point, a lot of researches connected to
heterogeneous foams for airborne sound [32e34] can provide interesting insights to the present underwater sound, espe-
cially for the works regarding with double porosity materials [35e37].

Rubber-based anechoic layers containing gradually varying axial holes are widely used as submarine acoustic coatings.
Due to the close impedance betweenwater and rubber as well as the gradually varying impedance of the anechoic layer along
its thickness direction, an incident wave can easily propagate into the layer and then be gradually absorbed. Although existing
researches [13,28] have examined how various hole shapes, such as cylindrical, conical and horn-like holes, affect the acoustic
performance of anechoic layers, further research is needed to explore the profound absorption mechanism of the layer,
quantify the absorption difference among various hole shapes, and provide exact equations describing the absorption curve of
horn-like holes. To address these issues, the current study employs the transfer function method to establish a theoretical
model for analyzing the sound absorption property of anechoic layers containing periodically distributed and gradually
varying axial holes; the concept of equivalent layering as well as the existing theory of wave propagation in viscoelastic
cylindrical tubes are also employed. For validation, the commercially available FE code COMSOLMultiphysics is used to obtain
full numerical results and compare with theoretical model predictions. Three kinds of hole configurations are modeled: the
cylindrical hole, the conical, and the horn shaped one, with the exponential function chosen to describe the generatrix of the
horn hole. Special focus is placed upon the propagation of longitudinal and transverse waves in the anechoic layer and the
effect of hole configuration on sound absorption. To address the oblique incidence case, a three-dimensional FE model is
developed to analyze the influence of different hole shapes and different incidence angle on sound absorption performance of
the underwater anechoic layer.

2. Theoretical model

In this section, we will develop a theoretical model by combining the two-dimensional simplification approach for
axisymmetric wave propagating in cylindrical tube [12] and the layer-wise method for a anechoic layer with gradually
varying axial holes [13]. In this model, the homogenization approach is used to calculate the effective acoustic impedance for
each divided layer, and then the transfer matrix method is adopted to calculate the sound absorption coefficient.

Fig. 1 presents the configuration and working condition of a representative underwater anechoic layer (rubber) containing
periodic inner holes that is adhered to a steel plate. The transverse size of the bi-layer structure is assumed to be infinite. The
medium at one side of the structure is water while the medium at the other side is air, both taken as spatially semi-infinite.
When an incident plane sound wave propagates from the far field in the water into the anechoic layer, the wave is attenuated.
As the steel plate is supposed to be a rigid back, the wave completely reflects back and eventually into the water. For
simplicity, only the case of sound waves normal incidence is considered in the theoretical model, while the case of sound
wave oblique incidence will be handled by numerical simulations.

A typical arrangement of the periodical holes in the anechoic layer is shown in Fig. 2. In the axial (vertical) direction, the
holes keep abreast with each other, while in the transverse (horizontal) direction they conform to regular triangular
arrangement. Due to periodicity, only a single cell with hexagonal perimeter needs to be extracted for further study. However,



Fig. 1. Configuration and working condition of underwater anechoic layer.

Fig. 2. Typical arrangement of the holes in the anechoic layer: (a) vertical profile; (b) horizontal profile.
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the hexagonal cell is difficult to be analyzed theoretically. In the present study, the hexagonal cell is replaced by a cylindrical
cell as shown in Fig. 3, that is, with no deformation of the hole, the external shape of the cell is assumed to transform from the
original hexagonal one to a cylindrical one. Through such a transformation process, the volume of the cell remains unchanged.

The inner holes of the anechoic layer can have arbitrary shape. In the current study, three representative hope shapes are
considered: cylinder, cone and horn. However, for both conical and horn holes, it is difficult to obtain analytical solutions
directly. To address this issue, a simplified but approximate approach is employed, as shown schematically in Fig. 4 for the
case of conical hole. The axially varying hole is approximated as a cluster of cylindrical holes. The analytical solution thus
obtainedwill be sufficiently accurate as long as the number of segments is large enough. Fig. 5 depicts one such segment, i.e., a
cylindrical pipe. Due to axial symmetry, the cylindrical coordinate system rOz is adopted. Let a and b separately denote the
inner and outer radii of the pipe, and let l denote its length. Note that, as the axial stress and displacement on the interface
Fig. 3. Simplification of the external shape of a single cell.



Fig. 4. Conical hole approximated as a cluster of cylindrical holes.

Fig. 5. Profile of acoustic cylindrical pipe model.

C. Ye et al. / Journal of Sound and Vibration 426 (2018) 54e74 57
between two adjacent cylinder pipes need to be continuous, the origin hole profile should also be smoothly continuous. If a
sudden discontinuity in the hole profile exists, this approximation method will not be accurate enough.

The anechoic layer is made up of rubber which is a linear viscoelastic material. For the case of harmonic incident wave, the
governing equation can be written as the same form of elastic materials [38]

mV2uþ ðlþ mÞVðV$uÞ ¼ r
v2u
vt2

(1)

where u is the vector of displacement, t represents time, l and m are the Lame constants, r is the density of rubber, and V and
V2 are the Hamiltonian operator and the Laplace operator, respectively. For a linear viscoelastic material such as rubber, l and
m are complex numbers while r is a real number.

The displacement vector u can be expressed as [38]

u ¼ Vfþ V� j
V$j ¼ 0 (2)

where f is a scalar potential function and j is a vector potential function. The former is related to longitudinal wave while the
latter is related to transverse wave. In consideration of axial symmetry, there is no circumferential component of the
transverse wave and so does the second term of u. Because

V� j ¼ 1
r

�
vjz
vq

� vðrjqÞ
vz

�
er þ

�
vjr
vz

� vjz
vr

�
eq þ

1
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�
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� vjr
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�
ez (3)

the radial and axial components of j are zero. Consequently, the vector potential function j can be degenerated to a scalar
potential function j, and hence Eq. (2) can be replaced by Helmholtz equations, as:�

V2 þ k2l
�
f ¼ 0�

V2 þ k2t
�
j ¼ 0

(4)
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Here, kl and kt are the longitudinal wavenumber and the transverse wavenumber, respectively. kl ¼ u=cl , and kt ¼ u=ct . cl
and ct denote the speed of longitudinal wave and transverse wave, and u is the circular frequency.

Solutions of Eq. (4) can be expressed as:

f ¼ �AJ0	kl;rr
þ BY0
	
kl;rr


�
eiðkzz�utÞ

j ¼ �CJ0	kt;rr
þ DY0
	
kt;rr


�
eiðkzz�utÞ (5)

where A, B, C and D are coefficients to be determined, kl;r and kt;r are the radial wavenumbers of longitudinal wave and

transverse wave, kz is the axial wavenumber, and J0ð,Þ and Y0ð,Þ are the Bessel functions of the first kind and second kind,
respectively. The wavenumbers mentioned above are related by:

k2l ¼ k2l;r þ k2z
k2t ¼ k2t;r þ k2z

(6)
In cylindrical coordinate system, the radial displacement ur and axial displacement uz have the following expressions:

ur ¼ vf

vr
þ v2j

vrvz

uz ¼ vf

vz
� v2j

vr2
� vj

rvr

(7)
In terms of the displacements, the strains are given by:

εr ¼ vur
vr

εq ¼
ur
r
þ vuq

rvq

εz ¼ vuz
vz

εrz ¼ vuz
vr

þ vur
vz

(8)

which are related to the stresses by
sr ¼ lðεr þ εq þ εzÞ þ 2mεr
trz ¼ mεrz

(9)
Upon substituting Eq. (7) into Eq. (8) and then into Eq. (9), the relation between the two potential functions, f and j, and
the two stress components, sr and trz, can be obtained as:

sr ¼ l

 
v2f

vr2
þ vf

rvr
þ v2f

vz2

!
þ 2m

 
v2f

vr2
þ v3j

vr2vz

!
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2
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r2vr
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vr3
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! (10)
It is noteworthy that the circumferential displacement uq in Eq. (8) is equal to zero as a result of axial symmetry.
After substituting Eq. (5) into Eq. (7) and Eq. (10), the relation between the three variables, ur , sr and trz, and the four

unknown coefficients, A, B, C and D, can be written as:

8<
:

ur
sr
trz

9=
; ¼ eiðkzz�utÞ

2
4M11 M12 M13 M14
M21 M22 M23 M24
M31 M32 M33 M34

3
5
8>><
>>:

A
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D

9>>=
>>; (11)

Expressions of the twelve elements in the above coefficient matrix are given in Appendix A.
Due to periodical arrangement of the holes in the anechoic layer, the interface between two adjacent cells (also the outer

boundary of each cell) should comply with the symmetric boundary condition, that is, the normal displacement and shear
stress are equal to zero at r ¼ b. Besides, since the impedance of air (medium in hole) is far less than that of rubber (matrix
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material of anechoic layer), the inner boundary of each cell can be considered as a free interface. In other words, there is no
stress at r ¼ a, whether it is the normal stress or shear stress. The boundary conditions can thence be written as:�

sr jr¼a ¼ 0; srzjr¼a ¼ 0
urjr¼b ¼ 0; srzjr¼b ¼ 0 (12)
Substituting Eq. (12) into Eq. (11) leads to the equations for determining the four coefficients A, B, C and D:2
664
M11ðbÞ M12ðbÞ M13ðbÞ M14ðbÞ
M21ðaÞ M22ðaÞ M23ðaÞ M24ðaÞ
M31ðaÞ M32ðaÞ M33ðaÞ M34ðaÞ
M31ðbÞ M32ðbÞ M33ðbÞ M34ðbÞ

3
775
8>><
>>:

A
B
C
D

9>>=
>>; ¼ 0 (13)

where a and b in the parentheses represent the value of r in each element.
That Eq. (13) has non-zero solution requires the determinant of the coefficient matrix equal to zero:

M11ðbÞ M12ðbÞ M13ðbÞ M14ðbÞ
M21ðaÞ M22ðaÞ M23ðaÞ M24ðaÞ
M31ðaÞ M32ðaÞ M33ðaÞ M34ðaÞ
M31ðbÞ M32ðbÞ M33ðbÞ M34ðbÞ


¼ 0 (14)

The solved roots of Eq. (14) are knðn ¼ 1;2;3/Þ, which are the n-th axisymmetric wavenumbers. It has been proved that in
such a cylindrical pipe, the sound absorption performance at low frequencies is mainly influenced by the first axisymmetric
wavenumber that associated with the first propagation mode [12,13]. While those wavenumbers of high orders have
negligible influences on sound absorption. Therefore, only the first wavenumber kz is considered and the transfer matrix
formulation of Eq. (17) can be used here. If wanting to study the sound absorption performance of cylindrical pipe at high
frequencies, more propagation modes (i.e. more wavenumbers) should be required. As such, the transfer matrix formulation
of Eq. (17) will be not able to use. In this paper, the low frequency range (i.e. under 10 kHz) is concerned, at which the sound
wavelength is far beyond the thickness of the anechoic layer, so that the transfer matrix method is appropriate.

It is noticed that the axial wavenumber of the i th segment is kz;i. For convenience of calculation, each segment is
considered equivalent to a homogeneousmaterial with corresponding effective parameters. For the i th segment, the effective
wavenumber is equal to the axial wavenumber while the effective density is the volumetric average value of rubber density r

and air density rair, namely:

~ki ¼ kz;i

~ri ¼
�
1�

�ai
b

�2�
rþ

�ai
b

�2
rair

(15)

where ai represents the inner radii of the pipe in the i th layer. The effective impedance of the i th segment is thus given as:

~Zi ¼ ~ri~ci (16)

where ~ci ¼ u=~ki is the corresponding effective sound speed. It is worthy of noting that the homogenization method used here
is different from the averaged method used in Ref. [13]. The former gets the acoustic impedance via the effective density and
wavenumber of the homogenized segment, while the latter gets the acoustic impedance via the averaged axial stress and
displacement at the segment interface. The comparison between the two methods will be shown in the next section, which
will demonstrate that the former agrees better with FE simulations over the latter does.

The method of transfer function can be used to relate the two sides of the anechoic layer. Let the interface between the
anechoic layer and water medium be the front interface of anechoic layer, and let the interface between the anechoic layer
and steel plate as its back interface.

The transfer matrix of the i th segment has the following expression:

Ti ¼

2
66664

cos
�
~kili
�

�i~Zi sin
�
~kili
�

�
i sin

�
~kili
�

~Zi
cos
�
~kili
�

3
77775 (17)
where li is the thickness of the i th segment. The total transfer matrix of the anechoic layer T is then the successive multi-
plication of the transfer matrix of each segment, as:
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T ¼
�
T11 T12
T21 T22

�
¼
Yn
i¼1

Ti (18)
In accordancewith the transfer functionmethod, the acoustic pressure and vibration velocity of the front interface and the
back interface can be related by T, as:�

pf
vf

�
¼ T

�
pb
vb

�
¼
�
T11 T12
T21 T22

��
pb
vb

�
(19)

where pf and vf are the acoustic pressure and vibration velocity of the front interface while pb and vb are the acoustic pressure
and vibration velocity of the back interface, respectively.

The impedance of the front interface Zf and the back interface Zb are equal to their corresponding acoustic pressure
divided by vibration velocity, as:

Zf ¼
pf
vf

Zb ¼ pb
vb

(20)
According to Eq. (19) and Eq. (20), one has:

Zf ¼
T11Zb þ T12
T21Zb þ T22

(21)
Since the steel plate is considered as a rigid back, the impedance of the back interface Zb ¼ ∞, resulting in:

Zf ¼
T11
T21

(22)
The reflection coefficient of the anechoic layer can be obtained as:

R ¼ Zf � Zw
Zf þ Zw

(23)

where Zw is the impedance of the water medium.
Finally, due to energy conservation, the sound absorption coefficient a can be calculated as:

a ¼ 1� jRj2 (24)
3. Results and discussion

3.1. Numerical calculation

To validate the present theoretical model, FE simulations are carried out using COMSOL. Due to periodicity, a single cell is
simulated using “free triangular” elements, as shown in Fig. 6 for the case of a horn hole. In viewof axial symmetry, to simplify
the calculation, “space dimension” is set to be “2D axisymmetric”. In the “physics” section, “acoustic-elastic waves interac-
tion” is adopted. The rubber domain is simulated by “elastic waves” component, while the air domain in the hole as well as the
external water domain are simulated by “pressure acoustics” component.

As shown in Fig. 7, two typical axial hole shapes, the conical hole and the horn hole, are adopted to calculate and compare
with the standard cylindrical hole. In the present study, with focus placed on representative underwater applications, the
thickness of the anechoic layer la is fixed at 50mmand the height of hole lh at 40mm. The radius of each cell, ra , is 15mm. The
front and back radii of the hole are denoted as p and q, with the subscript – cylinder, cone or horn – representing the cor-
responding hole type. The cylindrical coordinate system rOz is also shown in Fig. 7. Both p and q are varied to explore the
effects of hole size and hole shape on the sound absorbing capability of the anechoic layer. Correspondingly, displacement and
velocity fields in the anechoic layer are compared to reveal the physical mechanisms underlying such effects.

The generatrix of a conical hole is:



Fig. 6. Mesh in numerical model.

Fig. 7. Parameterized description of the conical (a) and horn (b) holes
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r ¼ azþ b (25)

where
a ¼ qcone � pcone
lh

b ¼ pcone

(26)
The variables in Eq. (25) and Eq. (26) are all quantities with unit of mm, so are those appearing in the following equations
of Eq. (27) and Eq. (28).

For the horn hole, exponential function is chosen to describe its generatrix, as:

r ¼ gedz (27)

where



Table 1
Parameters of material and media.

Parameters Values

Density of rubber (kg/m3) 1100
Young's modulus of rubber (GPa) 0.14

Loss factor of rubber 0.23
Poisson ratio of rubber 0.49
Density of air (kg/m3) 1.21
Density of water (kg/m3) 998
Sound speed of water (m/s) 1483
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g ¼ phorn

d ¼ 1
lh
ln

qhorn
phorn

(28)
Thus, once pcone, qcone or phorn, qhorn are given, the hole shape is determined.
The anechoic layer made of rubber is attached to a steel plate which is considered as a rigid back, as the stiffness of steel is

much larger than that of rubber. While air occupies the hole, water is the medium outside the anechoic layer. Table 1 lists the
relevant properties of rubber, air and water.

3.2. Effect of hole size on sound absorption

Conical and horn holes having different sizes are investigated to quantify the influence of hole size on sound absorption of
anechoic layer. The results of the homogenization method here and the averaged method in Ref. [13] are separately presented
Fig. 8. Comparison between the predictions of the homogenization method and FEM: Sound absorption coefficient of anechoic layer plotted as a function of
frequency for selected hole sizes: (a) conical holes with different qcone; (b) conical holes with different pcone; (c) horn holes with different qhorn; (d) horn holes
with different phorn.
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in Fig. 8 and Fig. 9 in terms of absorption coefficient plotted as a function of frequency. In the two figures, (a) and (b) are for
conical holes with different qcone and pcone, (c) and (d) stand for horn holes with different qhorn and phorn, respectively.

First of all, the results of Fig. 8 demonstrate good consistency between theoretical model predictions and FE simulation
results for both conical and horn holes, while the results in Fig. 9 always have relatively larger errors over the considered
frequency range. This demonstrates that the homogenization method proposed here is more accurate than the averaged
method proposed in Ref. [13]. Therefore, the homogenization method will be employed in the following calculations.

As observed in Fig. 8, with p or q increasing (i.e., the hole becomes bigger), all the absorption curves move towards low
frequencies. Each curve exhibits a relatively small crest at low frequency, ensued by a trough at middle frequency, and then a
relatively large crest at high frequency. To reveal the mechanism underlying this tendency, corresponding displacement and
velocity contours are displayed in Figs. 10 and 11. For illustration, cylindrical hole with pcylinder ¼ qcylinder ¼ 4 mm is
considered. As the sound wave is normally incident, for cylindrical hole, the longitudinal wave and transverse wave are
independent of the axial direction and the radial direction, respectively. In contrast, for conical and horn holes, the twowaves
are coupling with each other along axial and the radial directions. Thus, the cylindrical hole is employed to better reveal the
impact of longitudinal and transverse waves. For the hole considered here, the first crest appears at 1.8 kHz, the first trough at
4.7 kHz and the second crest at 8.8 kHz. Note that, unit simulation is adopted, that is, the initial incidence sound pressure is
1 Pa in FE simulations. In Figs. 10 and 11, the sound incidence wave propagates from the bottom (water domain) of each cell
while the top cell surface is fixed on steel plate.

From Fig. 10, it is seen that the three displacements (axial displacement, radial displacement and total displacement) at
4.7 kHz are all much less, in absolute values, than those at the other two frequencies, which persuasively explain why the
trough exists at 4.7 kHz. As the displacements at 4.7 kHz are approximately one order smaller than those at the other two
frequencies, the displacement contour exhibits almost the same color. Therefore, a group of contours within a narrow scale
range are added to the figure to display the distribution of displacement at this frequency.
Fig. 9. Comparison between the predictions of the averaged method in Ref. [13] and FEM: Sound absorption coefficient of anechoic layer plotted as a function of
frequency for selected hole sizes: (a) conical holes with different qcone; (b) conical holes with different pcone; (c) horn holes with different qhorn; (d) horn holes
with different phorn.
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Next, the two crests are compared with each other. The axial displacement is positive within the whole rubber region at
1.8 kHz, but negative in most of the region at 8.8 kHz, and generally, its absolute value at 1.8 kHz is higher than that at 8.8 kHz.
Next, the radial displacement is all negative at 1.8 kHz, while at 8.8 kHz, there is a negative region in the front and a positive
region in the back. This may be mainly attributed to the fact that the wave length at high frequencies is shorter than that at
low frequencies. Additionally, the absolute value of radial displacement at 8.8 kHz is higher than that at 1.8 kHz, suggesting
that the amplitude of transverse wave is greater at high frequencies. Finally, since the radial displacement is smaller than the
axial displacement in absolute value, the total displacement is mainly contributed by the latter. As a result, at 1.8 kHz, in the
front there exists a region of relatively large total displacement.

The velocity contour is shown in Fig. 11. First of all, it is apparent that the velocities at 1.8 kHz are the smallest. Never-
theless, from Fig.10, the displacements at this frequency are the largest. Together, they lead to a crest with relatively low value
in the absorption curve of Fig. 8(a).

Additionally, apart from the radial velocity, the axial and total velocities at 4.7 kHz have relatively larger regions with high
value than those at 8.8 kHz. Instead, the displacement at 4.7 kHz is so small that the advantage from velocity can hardly
compensate for the disadvantage from displacement. As a consequence, a trough is formed at 4.7 kHz.

At 8.8 kHz, the absolute value of radial velocity is much larger than that at the other two frequencies. Similar to the case of
radial displacement, there is a high value negative region in the front and a high value positive region in the back. Both the
radial displacement and radial velocity reflect the propagation of transverse wave. Since, in a viscoelastic medium like rubber,
the dissipation to acoustic energy via transverse wave is much stronger than that via longitudinal wave, it is not surprising
that the crest with a high value, almost up to 1, exists at 8.8 kHz.
Fig. 10. Displacement contours (axial, radial and total) in rubber domain for a cylindrical hole with pcylinder ¼ qcylinder ¼ 4 mm (unit: 10�11 m) at: (a) 1.8 kHz; (b)
4.7 kHz; (c) 8.8 kHz.
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3.3. Comparisons among different hole shapes

In this section, to investigate the influence of hole shape on sound absorption, the volume of the three holes e horn, cone
and cylinder e is fixed. From the results shown in Fig. 12, it is seen that while all three holes peak at about 3.6 kHz, the horn
hole has the best absorption performance and the cylindrical hole performs the worst. Overall, the horn hole outperforms the
other two holes in the broad range from 2 kHz to 8 kHz.

To explore why the horn hole is better than the others, Figs. 13 and 14 compare the displacement and velocity contours in
the rubber domain at 3.6 kHz. In the simulation, the initial incidence sound pressure is 1 Pa. In Figs. 13 and 14, the direction of
wave propagation is the same as Figs. 10 and 11.

Details of the displacement field are displayed in Fig. 13 for each type of hole. Generally, the three holes exhibit similar
trend: the axial displacement decreases along positive axial direction, while the radial displacement negatively increases
along negative radial direction. Since the radial displacement is less than the axial displacement, the total displacement has a
distribution analogous to that of the axial displacement.

Consider next the axial displacement in more detail. On the one hand, compared with the other two holes, horn hole has a
relatively high value region at the horn mouth. On the other hand, cylindrical hole has a highest value region at the front end
face. Generally speaking, in the back area, the horn hole has the biggest value region, while the cylindrical hole has the
smallest one; in the front area, however, the cylindrical hole has the highest value, while the horn hole has the lowest one.

In comparison, the radial displacement is negative in the whole region, which means its direction is towards the axis.
Apart from the vicinity of the hole, the radial displacement is approximately zero everywhere. The closer it is to the hole, the
Fig. 11. Velocity contours (axial, radial and total) in rubber domain for a cylindrical hole with pcylinder ¼ qcylinder ¼ 4 mm (unit: 10�7 m=s) at: (a) 1.8 kHz; (b)
4.7 kHz; (c) 8.8 kHz.



Fig. 12. Sound absorption coefficient versus frequency curves of anechoic layers containing horn, conical and cylindrical holes having the same volume.

Fig. 13. Comparison of displacement contours (axial, radial and total) in rubber domain at 3.6 kHz (unit: 10�12 m) for the: (a) horn hole; (b) conical hole; (c)
cylindrical hole.
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Fig. 14. Comparison of velocity contours (axial, radial and total) in rubber domain at 3.6 kHz (unit: 10�7 m=s) for the: (a) horn hole; (b) conical hole; (c) cy-
lindrical hole.
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greater the negative value of the radial displacement is. Among the three holes, the conical hole has the highest value in the
vicinity of its side face.

The total displacement is the sum of axial and radial displacements. Therefore, in terms of total displacement, the three
holes have advantages in different regions: horn mouth for horn hole, side face for conical hole, and front end face for cy-
lindrical hole. It is therefore necessary to examine the corresponding velocity contours to determine which hole type has the
superiority.

Fig. 14 compares the velocity fields. For each type of hole, the velocity field has several significant differences from the
corresponding displacement field of Fig. 13. Firstly, for horn hole, the axial velocity achieves a high level in most of the rubber
domain, especially at the horn mouth. In particular, the high value region is much bigger than that of the other two holes.
Secondly, different from the case of radial displacement, the horn hole has the greatest radial velocity near its side face. As a
result, the total velocity of the horn hole is greater than that of conical and cylindrical holes in most of the rubber domain,
especially at the horn mouth. As the velocity represents the rate of energy dissipation due to vibration, the velocity fields
shown in Fig. 14 demonstrate further that the horn hole has superiority in sound absorption.

The results of Figs. 13 and 14 also reveal that the geometric shape of horn hole leads to its advantage in vibration. On one
hand, the existence of horn mouth generates an area with great axial vibration in the back of the anechoic layer where the
axial vibration is otherwise tiny, and enlarges the area of radial vibration in the back of the anechoic layer due to relatively
large hole size relative to the other two holes. On the other hand, the vimineous part in the front of the horn hole expands the
area of relatively large axial vibration in the middle and front of the anechoic layer. As a result, the horn hole has the best
absorption performance at relatively low frequencies.



Fig. 16. Influences of incidence angles on sound absorption performance for different hole shapes: (a) horn hole; (b) conical hole; (c) cylindrical hole.

Fig. 15. A three-dimensional FE model for sound oblique incidence.
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3.4. Oblique incidence simulations and results

As the real situation is not always normal incidence, a three-dimensional FEmodel is developed to handlewith the oblique
incidence case in this section. Different from the normal incidence into the anechoic layer, the oblique incidence of sound
wave generates non-axisymmetric waves propagating in the layer. In such case, the symmetry boundary condition of Eq. (12)
is nomore suitable, the normal displacement and shear stress are not equal to zero at r ¼ b . So the previous two-dimensional
analytical model will not be appropriate for the oblique incidence situation. Considering the difficulties of theoretically
solving such a three-dimensional problem, only FE simulations are conducted to study the oblique incidence case in this
section.

The three-dimensional FE model is developed by using COMSOL software. As a typical example, a horn hole case with free
tetrahedral elements is shown in Fig. 15. The hexagonal cell replaces the previous cylindrical one with an equal volume, and
three Floquet periodical conditions are applied on each pair of parallel faces. The incident wave is parallel to the xz plane, and
impinges on the rubber at an angle q with the z -axis.

The sound absorption coefficient results for oblique incidence are shown in Figs. 16 and 17. Fig. 16 shows the influences of
incidence angles on sound absorption performance at different hole shapes, while Fig. 17 shows the influences of hole shapes
on sound absorption performance at different incidence angles. For getting more details, Figs. 18e21 present the longitudinal
section deformations and velocity distributions of different hole shape cells at different angles in the rubber domain at the
two peak frequencies 1.1 kHz and 3.2 kHz. The longitudinal section is in the xz plane and in parallel with the incident wave. In
Figs. 18 and 20, the color denotes the value of the total displacement, and the deformations in each figure are magnified in the
same value to ensure the comparability among different cases. For simplification, the color denotes the value of the total
velocity, and the deformations are magnified in the same value to denote the velocity size and direction in Figs. 19 and 21.

In Fig. 16, comparing with the normal incidence, two obvious new absorption peaks appear in the oblique incidence
situations, respectively at 1.1 kHz and 3.2 kHz in all three kinds of hole shapes, and the two peaks become higher with the
incidence angles increasing. In reality, the two new peak frequencies correspond to two global horizontal modes of the
hexagonal cell, as shown in Figs. 18 and 20, respectively. The two global horizontal modes are just like the two lowest lateral
vibration modes of a cantilever beam, though the aspect ratio of the longitudinal section is not large enough and the left and
right boundary sides are not free but periodical. In the cases of normal incidence, radial deformation and velocity are mainly
Fig. 17. Influences of hole shapes on sound absorption performance at different incidence angles: (a) 15 deg; (b) 30 deg; (c) 45 deg; (d) 60 deg.



Fig. 18. Comparison of displacements in rubber domain at 1.1 kHz (unit:m) at different incidence angles for the: (a) horn hole; (b) conical hole; (c) cylindrical
hole. The color denotes the value of the total displacement.
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centered near the holes, as shown in Figs.13 and 14, i.e. the global horizontal modes cannot be excited by normal incidence. As
to the oblique incidence, the global horizontal modes can be excited. With the incidence angle increasing, the horizontal
component becomes larger, which can be demonstrated by the deformation and velocity distributions presented in Figs.
18e21. The increase of horizontal component causes more energy dissipation and higher sound absorption coefficient.

Indeed, the increased oblique incidence angle enlarges the propagation distance in rubber and excites the global hori-
zontal modes, which cause larger sound absorption coefficient at relatively low frequencies. While it also increases the
reflection coefficient on thewater-rubber interface, which causes the sound absorption coefficient decreases at relatively high
frequencies. This is obvious for the cases of 45 deg and 60 deg for all three kinds of hole shapes, as shown in Fig. 16.

Another interesting result is that, for each shape hole in Fig. 16, the first absorption peak rises faster than the second peak
with the incidence angle increasing. In the case of 15 deg oblique incidence, the fist peak is obviously lower than the second
peak, while in the 60 deg case, the first peak is almost 1 and higher than the second peak. This phenomenon is due to the fact
that the second peak frequency 3.2 kHz of oblique incidence cases is close to the first peak frequency 3.6 kHz of normal
incidence cases. In Figs. 20 and 21, the part near the hole contributes much deformation and velocity, which is similar in Figs.
13 and 14, and hardly seen in Figs. 18 and 19. In Figs. 18 and 19, the deformation and velocity of the first mode gradually
increases towards the front face, i.e. the energy dissipation depends mainly on the part near the front end. As the incidence
angle increasing, the deformation and velocity of this part rise faster than that of the second mode, and finally the first peak
exceeds the second peak in the cases of 45 deg and 60 deg.

In Fig. 17, the influences of hole shapes on the sound absorption performance at different incidence angles are compared.
For each angle, the sound absorption performance of horn shape is always better than the other two shapes at relatively low
frequencies and the cylindrical hole is worst, which is the same as the normal incidence situation, as shown in Fig. 12. It
implies that, in the oblique incidence situation, at relatively low frequencies, the sound absorption mechanism can be
classified into two kinds: global vibration dissipation and local vibration dissipation. For global vibration dissipation, the



Fig. 19. Comparison of velocities in rubber domain at 1.1 kHz (unit:m=s) at different incidence angles for the: (a) horn hole; (b) conical hole; (c) cylindrical hole.
The color denotes the value of the total velocity, and the deformations are magnified in the same value to denote the velocity size and direction.

Fig. 20. Comparison of displacements in rubber domain at 3.2 kHz (unit:m) at different incidence angles for the: (a) horn hole; (b) conical hole; (c) cylindrical
hole. The color denotes the value of the total displacement.
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Fig. 21. Comparison of velocities in rubber domain at 3.2 kHz (unit:m=s) at different incidence angles for the: (a) horn hole; (b) conical hole; (c) cylindrical hole.
The color denotes the value of the total velocity, and the deformations are magnified in the same value to denote the velocity size and direction.
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oblique incidence excites global horizontal vibration modes bringing two sound absorption coefficient peak, so the three hole
shapes have similar absorption curves. For local vibration dissipation, the volume of three kinds of hole shapes are not large
enough to obviously change the global vibration. The holesmainly influence the part near themselves as shown in Figs.13 and
14. Therefore, the fact that the horn hole has still a better sound absorption performance than the other two at relatively low
frequencies in the oblique incidence situation, mainly depends on its local dissipation ability, as discussed in Section 3.3 for
normal incidence.
4. Conclusions

A theoretical model has been developed to investigate the sound absorption performance of underwater anechoic layers
containing periodically distributed axial holes for normal incidence, with focus placed on the influence of the topological
shape of the hole. Three different types of axial holes are considered, the cylindrical hole, the conical, and the horn shaped
one. FE simulations are performed to validate the proposed model, and excellent agreement is achieved. Furthermore, in
consideration of the real working condition, a three-dimensional FEmodel for oblique incidence cases is developed to analyze
the effects of hole shapes at different incidence angles on sound absorption performance.

For each type of hole in normal incidence situation, the absorption coefficient curve exhibits a crest at low frequency, a
trough at middle frequency, and a relatively greater crest at high frequencies. The trough is attributed to small vibration
displacement rather than vibration velocity. As to the crest at high frequency, radial vibration, which represents the prop-
agation of transverse wave in the anechoic layer, plays a significant role. When the size of hole increases, the absorption
coefficient curve shifts towards lower frequencies. When the size of hole is fixed, the horn hole has the best sound absorption
performance at relatively low frequencies, duemainly to the great and fast axial and radial vibration at the hornmouth as well
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as large and fast axial vibration in the middle and front portions of the anechoic layer. For oblique incidence situations, two
new absorption peaks appear since the oblique incidence excites two horizontal modes, and the horn hole still has a better
performance than others at relatively low frequencies. This research can be used to tailor the topological configuration of
axially varying holes in high performance anechoic layers for specific underwater applications.
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Appendix A

Expressions of the twelve elements in the coefficient matrix of Eq. (11) are given by:

M11 ¼ �kl;rJ1
	
kl;rr



(A.1)

M12 ¼ �kl;rY1
	
kl;rr



(A.2)
M13 ¼ �ikzkt;rJ1
	
kt;rr



(A.3)
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