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As a kind of biomimetic materials, ultralight hierarchical porous structures possessing excellent mechanical
properties such as load bearing, impact energy absorption, vibration reduction and noise attenuation have been
exploited. Often, these porous structures exhibit continuous flow passages that allow for cooling fluids to pass
through, thus enabling simultaneous load‐bearing and active heat dissipation. This study investigated the con-
vective cooling efficiency of a sandwich panel with hierarchical corrugated core subjected to heating from the
face sheets and active cooling through the core. Built upon the classical fin approach, a theoretical model cou-
pling wall heat conduction and fluid convection in the core was established for the hierarchical corrugated‐core
sandwich panel, covering the full range of fluid flow (from laminar, transition to turbulent). The theoretical
model predictions were validated against full numerical simulations. Based on the theoretical model, an arti-
ficial intelligence optimization method (i.e., the ant colony algorithm) was adopted to find the optimal combi-
nation of key independent geometric parameters of the sandwich panel for maximized heat transfer
performance. For the problem of multi‐variables optimization, it was demonstrated that the ant colony algo-
rithm is superior in terms of computational time to the traditional exhaustive search method. For a given pres-
sure drop, a set of optimum geometric parameters corresponding to maximum cooling efficiency was found for
the proposed hierarchical corrugated‐core sandwich panel.
1. Introduction

After millions of years of evolution, materials in nature have
formed elegant and orderly structures with unique and excellent attri-
butes [1]. Interestingly, although the components of these structures
often have poor performance when they are taken out separately, once
the components are assembled into hierarchical structures, these struc-
tures possess excellent mechanical properties macroscopically [2].
Hierarchical structures span multiple length scales to ensure that the
inner microstructures of different scales could collaborate efficiently
[1].

Nacre shell and biological skeleton are two typical examples of nat-
ural materials with hierarchical structures [3]. The mechanical proper-
ties of natural nacre are much higher than that of synthetic products. A
highly complex microstructure is hidden behind this performance in
which features are well defined and controlled on several length
scales, which is the result of a bottom‐up manufacturing approach.
In this method, small building blocks self‐assemble, mineralize and
form larger elements [2]. This transformation from low level to high
level is realized through the process of hierarchical structures.
Through this program, the “growth” from small scale to large scale
provides great flexibility for the selection of materials, and the struc-
ture can be adjusted / optimized on different length scales according
to specific functional requirements [4]. In contrast, the traditional
manufacturing method is top‐down, i.e., the material is removed to
obtain the desired shape and components. The hierarchy of bones is
another typical example of the natural hierarchical structures, as
shown in Fig. 1(a) [5]. At the nanoscale, self‐assembled triple‐helix
collagen molecules and plate‐shaped hydroxyapatite nanocrystals are
the basic components of the hierarchical structures [2]. They form col-
lagen fibrils through certain arrangement and combination. At the
microscale, the mineralized collagen fibrils spiral with varying degrees
periodically around the central axis [5] forming a cylindrical spiral
structure called osteons, which becomes the basic unit of the compact
ratory of
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Nomenclature

a width of large ducts
b width of small ducts
t thickness of vertical struts
r thickness of horizontal struts
ts thickness of substrates
L length of sandwich panels
n number of small ducts
q1, q2 heat flux of top and bottom substrates
Tc temperature of cooling water
Δp pressure drop of ducts
Tf,i average temperature of fluid in small ducts denoted by i

(i = 1,2,…,n)
Tf,n+1 average temperature of fluid in large ducts
Ts,i temperature of node denoted by i (i = 1,2,…,n from bot-

tom to top) where vertical and horizontal struts intersect
hf interfacial heat transfer coefficient in large ducts
hm interfacial heat transfer coefficient in small ducts
uf velocity in large ducts
um velocity in small ducts
Qo,i outcoming heat flux from node i
Qe,i incoming heat flux at node i + 1
Qm,i heat flux flowing to horizontal struts (from vertical struts)

at node i + 1
Qsb,1 heat flux flowing along negative × at node 1 on bottom

substrates
Qsb,2 heat flux flowing along positive × at node 1 on bottom

substrates

Qst,1 heat flux flowing along negative × at node n + 1 on top
substrates

Qst,2 heat flux flowing along positive × at node n + 1 on top
substrates

Qi,f heat transferred from vertical struts between node i to
i + 1 to fluid in large ducts

Qi,mv heat dissipation from vertical strut between node i and
i + 1 to fluid in small duct i

Qi,mhu heat dissipation from horizontal strut at node i to fluid in
small duct i

Qi,mhd heat dissipation from horizontal strut at node i + 1 to fluid
in small duct i

D hydraulic diameter of ducts
α aspect ratio of ducts
Nu Nusselt number
Re Reynolds number
f flow friction factor
Ts,ave area weighted average temperature of solid at any xy plane

in fully developed region
Tf,ave bulk temperature of fluid at the corresponding xy plane in

fully developed region
hw overall heat transfer coefficient of hierarchical corrugated

sandwich panel
qave constant heat flux imposed to top and bottom substrates

Fig. 1. Schematic illustration of biomimetic hierarchical structures. (a) Hierarchical structure of the bone: on the nanoscale, self-assembled triple-helix collagen
molecules and plate-shaped hydroxyapatite nanocrystals are the basic components of the hierarchical structures [2]. They form collagen fibrils through certain
arrangement and combination. At the microscale, the mineralized collagen fibrils spiral with varying degrees periodically around the central axis [5] forming a
cylindrical spiral structure called osteons, which becomes the basic unit of the compact bone with Haversian canals around the blood vessels [6]. (b) Hierarchical
corrugated sandwich panel considered in this study.
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bone with Haversian canals around the blood vessels [6]. In essence,
functions and structures are closely linked, e.g., biological structures
are often determined by their functions [2]. Organisms in nature often
evolve different microstructures according to different requirements
such as load conditions, and their macro performance largely benefits
from these hierarchical structures [1].

Although considerable progress has been made in the field of engi-
neering structures, it is still challenging to design materials with com-
prehensive properties. In aerospace, power system, transportation and
other major engineering fields, the main structural components often
need to withstand extremely high heat flux and pressure load [7].
For example, the wall of a rocket engine combustion with a thrust‐
weight ratio of 10 needs to withstand 1850–1950 K high temperature
and 2.5–3.0 MPa high pressure [8]. The increasingly harsh working
environment puts forward higher requirements for material and struc-
ture design [9]. Inspired by the biological hierarchical structures, pre-
vious studies have introduced the concept of hierarchy into the design
of traditional sandwich structures to improve the load capacity and
heat dissipation of the structure [10].

The hierarchical porous structures have been extensively investi-
gated due to the superior mechanical properties [11–17]. For example,
by replacing the cell wall of regular honeycombs with the Kagome and
triangular lattice, the stiffness of hierarchical honeycombs is about two
orders of magnitude higher than that of the regular honeycombs [11].
Kooistra et al. [12] studied the transverse compression mechanism of
hierarchical corrugated core sandwich panels and found that the
second‐order trusses have higher compressive and shear collapse
strengths than the first‐order trusses at equivalent mass. Fan et al.
[13] demonstrated the effectiveness of hierarchical honeycomb struc-
tures in improving the stiffness and plastic collapse strength of thin‐
walled structures. Sun and Pugno [14] achieved significant in‐plane
stiffness improvement of hexagonal honeycomb using multi‐
functional hierarchical characteristics. Sun et al. [15] studied the in‐
plane compressive behavior of hierarchical triangular lattice struc-
tures. The results showed that the average crushing force of hierarchi-
cal triangular lattice structures is greater than that of single‐cell
structures and multi‐cell structures. Taylor et al. [16] added hierarchy
characteristics into honeycombs of graded design to avoid the reduc-
tion of Young's modulus. Tao et al. [17] prepared square hierarchical
honeycombs (SHHs) using 3D printing technology and tested their in‐
plane compressive strength characteristics. The compressive strength
of SHHs was found 79.5% higher than that of the regular square hon-
eycombs (RSHs) under the condition of equal mass. Wu et al. first stud-
ied the failure mechanisms of hierarchical lattice materials such as
corrugated‐pyramidal cores [18] and pyramidal‐pyramidal cores
[19]. These authors demonstrated that structural hierarchy could tune
the mechanical response of lattice materials and effectively increase
their structural buckling resistance.

Besides the static mechanical properties, hierarchical porous struc-
tures have also shown advantages in dynamic performance such as
energy absorption than traditional structures. Sun and co‐authors
[20,21] integrated the concept of hierarchical structure into honey-
combs, and explored honeycombs with first‐order and second‐order
hierarchy under out‐of‐plane load. They found that the specific energy
absorption of these two different hierarchies can be increased by
>80% and 180% respectively. Inspired by the microstructure of bam-
boo vascular bundles, Hu et al. [22] proposed a new bionic honey-
comb tubular nested structure by connecting the circular tubes in
hexagonal arrangement which could significantly improve the specific
energy absorption performance compared to the original honeycomb.
Yin et al. [23] compared three bio‐inspired hierarchical honeycomb
structures based on hexagonal, Kagome and triangular tessellations.
They found that the energy absorption performance of triangular hier-
archical honeycombs is the best amongst the three types of hierarchy,
which is twice that of conventional honeycombs. Zhang et al. [10] pro-
posed a fractal hierarchical hexagonal structure inspired by bionic
3

structures such as spider webs. The simulation results showed that
the hierarchical structure could significantly improve the energy
absorption capacity compared with the single wall non‐hierarchical
structure and the second‐order design was the optimal at a given mass.

The existing studies have mainly focused on mechanical properties
of hierarchical structures, only a few studies investigated the thermal
properties. Chen et al. [24] reported that the introduction of hierarchy
into regular honeycombs can improve thermal resistance and thermal
anisotropy. Xu et al. [25] demonstrated an efficient thermal manage-
ment network based on a hierarchical structure of one‐dimensional fil-
aments, e.g., carbon nanotubes, which could increase the overall
thermal conductivity meanwhile change the temperature distribution
near the heat source. However, these studies have only considered
the heat conduction behavior of hierarchical structures.

In fact, convective flow transport is a critical function of natural
hierarchical structures such as wood. Specifically, wood absorbs ions
and water naturally during the process of metabolism. This process
is completed by wood fiber composed of hollow and slender tracheid
units. Pores in the fiber wall allow fluid to flow between cells. In addi-
tion, a tracheid is composed of thousands of micro cellulose, forming a
multi‐channel mesoporous structure, which is very suitable for absorb-
ing and transporting water and essential ions [26]. As a biomimetic
material, hierarchical porous structures have continuous flow passages
which allow for fluid flow and enable convective cooling. The sand-
wich panel with hierarchical core is promising to be used in scenarios
where simultaneous load‐bearing and heat dissipation are required
such as thrust chamber [27,28] and Jet Blast Deflector (JBD)
[29,30]. The thermofluidic properties of sandwich panels with tradi-
tional core (lattice structure [31,32] metal foam [33,34] textile [35]
honeycomb [36,37] etc.) have been well understood. However, the
convective heat transfer characteristics of hierarchical sandwich panel
is still elusive due to the non‐homogeneous pore sizes. How to predict,
characterize and optimize the convective cooling efficiency of the hier-
archical porous structures is yet to be resolved.

This study aims to investigate the thermal properties of hierarchical
corrugated‐core sandwich panels as shown in Fig. 1(b) subjected to
heating from face sheets and active cooling through the core. For con-
venience, we take the 2nd level hierarchical structure as an example to
establish the theoretical and numerical models, although the methods
can be extended to other hierarchical structures with periodic pore
morphologies. In terms of active cooling, the present hierarchical
corrugated‐core structure resembles to the foam fins proposed for elec-
tronics cooling [38] as both having porous solids of high surface area
separated by straight flow channels. However, the present hierarchical
corrugated‐core structure with periodic pore geometry would reduce
the flow resistance and pumping power compared with the disordered
metal foam [39]. On the other hand, the present hierarchical
corrugated‐core structure can be regarded as the 2nd level hierarchy
of the traditional fin structures [40] that have been widely used in
cooling industry. Noteworthy, in terms of mechanical properties, the
present structure with higher order hierarchy tends to be superior
[2] which is promising to be used as lightweight thermo‐mechanical
structure therefore.
2. Theoretical model

Fig. 2 displays the hierarchical corrugated sandwich panel of the
2nd hierarchy considered in the present study, along with definition
of key geometric parameters. There are two different‐sized ducts in
the hierarchical structure, i.e., large ducts between two neighboring
porous solids and small ducts with a unit cell of porous solid, both hav-
ing rectangular shapes as depicted in Fig. 2(a). Independent geometric
parameters of the considered hierarchical structure include: height of
sandwich (H), length of sandwich (L), width of large ducts (a), width
of small ducts (b), height of small ducts (c), number of small ducts (n),



Fig. 2. Definition of problem: (a) schematic of the 2nd order hierarchy corrugated-core sandwich panel; (b) computational domain and mesh for numerical
simulation of forced convection heat transfer; (c) definition of geometric parameters in a unit cell; (d) notation of thermal parameters defined for deriving the
theoretical model.
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thickness of vertical struts (t), thickness of horizontal struts (r), and
thickness of substrates (ts). Among them, height of small ducts (c)
can be converted from the number of small ducts (n), as c= (H‐(n‐
1)r)/n. Height and length of the sandwich panel were hold constant
in the study. Also, in accordance with the usual practice in convective
heat transfer, substrates were used to denote the face sheets of the
sandwich, with the top and bottom substrates assumed to have equal
thickness.

A theoretical model based on the classical fin approach [37] was
established to predict the convective heat transfer efficiency of the
hierarchical corrugated sandwich. Specifically, the top and bottom
substrates were heated by constant heat flux q1 and q2, respectively,
and the heat was taken away by a cooling fluid through the core.
The cooling fluid flowed into the core at the initial temperature of
Tc, and the pressure difference between the inlet and outlet was Δp
across the sandwich panel of length L, as shown schematically in
Fig. 2. With reference to Fig. 2(d), from bottom to top, the average
temperature of the fluid in the small ducts was denoted sequentially
as Tf,1, Tf,2… Tf,n. For the convenience of subsequent programming,
the average temperature of the fluid in the large duct was denoted
by Tf,n+1. The points where the vertical and horizontal struts inter-
sected were denoted by node 1, node 2, …, node n + 1 from bottom
to top. Correspondingly, the node temperatures were denoted as Ts,1,
Ts,2, …, Ts,n+1 , with the subscript s representing the solid.

To establish the theoretical model, the following assumptions were
made:

1) The thickness of struts was much smaller than the width of the
duct, i.e., one‐dimensional (1‐D) heat conduction in each strut
was assumed.

2) Lateral heat conduction along flow direction was ignored.
3) Flow and heat transfer in the hierarchical structure was fully

developed, i.e., entrance/exit effects were ignored.

Based on the classical fin approach, Lu [37] established a corru-
gated wall model to predict the convective heat transfer efficiency of
metallic honeycombs under constant temperature boundary condition.
Later, Liu et al. [41] modified the Lu model [37] by considering heat
transfer in horizontal struts as well. The Lu model [37] was further
modified for microchannel heat sinks under constant heat flux bound-
ary condition by considering energy balance in the substrates [40].
Nevertheless, these models all assumed uniform fluid temperature
along the vertical direction (i.e., perpendicular to the direction of cool-
4

ing flow) of sandwich panel, whereas in reality the fluid temperature
in a duct adjacent the substrate should be higher than that in a duct
located at the center of sandwich core. In this study, we extended
Lu’s corrugated wall model [37] for convection heat transfer in hierar-
chical corrugated sandwich panel under constant heat flux boundary
condition. In the model, heat conduction both in the vertical and hor-
izontal struts and in the substrates were coupled with heat convection
of cooling fluid in each individual flow duct. Details of temperature
modeling for the solids (struts and substrates) and the cooling fluid
in each duct were presented below.

2.1. Temperature of struts and substrates

For fully developed flow, we considered heat conduction in solid
struts and substrates only in the cross‐section perpendicular to flow,
i.e., in the xy plane of Fig. 2(d), and modelled fluid temperature in
each duct varying along the streamwise direction (i.e., z direction).

2.1.1. Temperature distribution along vertical struts
Upon assuming that the temperature of node i was known, heat

conduction equation and boundary conditions along the vertical struts
from node i to node i + 1 were written as:

k
@2T
@y2 � hf

t
T � Tf ;nþ1
� �� hm

t
T � Tf ;i
� � ¼ 0 ð1Þ

y ¼ 0;T ¼ Ts;i; y ¼ c;T ¼ Ts;iþ1 ð2Þ
where hf and hm are the interfacial heat transfer coefficient in the large
and small ducts, respectively; k is the thermal conductivity of solid; Ts,i
is the solid temperature at node i, Tf,i is the average temperature of fluid
in the small ducts beside node i, Tf,n+1 is the average temperature of
fluid in the large ducts, where i = 1,2,3, …, n and n is the number of
small ducts.

The solution of Eqs. (1), (2) led to temperature distribution along
the vertical struts, as:

T ¼ Ci;1eλ1y þ Ci;2eλ2y þ hf Tf ;nþ1 þ hmTf ;i

hf þ hm
ð3Þ

Then the outcoming heat flux from node i (Qo,i) and the incoming
heat flux at node i + 1 (Qe,i) could be calculated:

Qo;i ¼ �kt
@T
@y

����
y¼0

¼ �kt Ci;1λ1 þ Ci;2λ2ð Þ ð4Þ
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Qe;i ¼ �kt
@T
@y

����
y¼c

¼ �kt Ci;1λ1eλ1c þ Ci;2λ2eλ2c
� � ð5Þ

where the coefficients Ci,1, Ci,2 and the eigenvalue λ1, λ2 are:

λ1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hf þ hm

kt

r
λ2 ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hf þ hm

kt

r
ð6Þ

Ci;1 ¼
Ts;i þ Ts;iþ1ð Þ hf þ hm

� �� 2 Tf ;ihm þ Tf ;nþ1hf
� �

2 e
c

ffiffiffiffiffiffiffiffi
hf þhm

kt

q
þ 1

0
@

1
A hf þ hm
� �

� Ts;i � Ts;iþ1

2 e
c

ffiffiffiffiffiffiffiffi
hf þhm

kt

q
� 1

0
@

1
A

ð7Þ

Ci;2 ¼
Tf ;nþ1hf þ Tf ;ihm
� �

e
c

ffiffiffiffiffiffiffiffi
hf þhm

kt

q
þ 1

0
@

1
A hf þ hm
� ��

e
c

ffiffiffiffiffiffiffiffi
hf þhm

kt

q
Ts;iþ1 � Ts;i

e
2c

ffiffiffiffiffiffiffiffi
hf þhm

kt

q
� 1

� Tf ;nþ1 � Ts;i
� �

hf þ Tf ;i � Ts;i
� �

hm
hf þ hm

ð8Þ
2.1.2. Temperature distribution along horizontal struts
Similar to the case of vertical struts, heat conduction equation and

boundary conditions of the horizontal strut at node i + 1 could be
written as:

k
@2T
@x2 �

hm
r

T � Tf ;i
� �� hm

r
T � Tf ;iþ1
� � ¼ 0 ð9Þ

x ¼ 0;T ¼ Ts;iþ1; x ¼ b
2
;
@T
@x

¼ 0 ð10Þ

where i = 1,2,3, …, n‐1, Tf,1 and Tf,n represent the fluid temperature in
the duct nearby the bottom and top substrates, respectively.

Solution of Eqs. (9), (10) led to temperature distribution along the
horizontal strut as:

T ¼ Di;1eζ1x þ Di;2eζ2x þ Tf ;i þ Tf ;iþ1

2
ð11Þ

Then the heat flux flowing to the horizontal strut (from the vertical
struts) at node i + 1 (Qm,i) was:

Qm;i ¼ �kr
@T
@x

����
x¼0

¼ �krζ1 D1 � D2ð Þ ð12Þ

where the coefficients Di,1, Di,2 and the eigenvalue ζ1 and ζ2 are:

ζ1 ¼
ffiffiffiffiffiffiffiffi
2hm
kr

r
ζ2 ¼ �

ffiffiffiffiffiffiffiffi
2hm
kr

r
ð13Þ

Di;1 ¼ �Tf ;i þ Tf ;iþ1 � 2Ts;iþ1

2 eb
ffiffiffiffiffiffi
2hm
kr

p
þ 1

� � ð14Þ

Di;2 ¼ �Tf ;i þ Tf ;iþ1 � 2Ts;iþ1

2 eb
ffiffiffiffiffi
2hm
kr

p
þ 1

� � eb
ffiffiffiffiffi
2hm
kr

p
ð15Þ
2.1.3. Temperature distribution in substrates
Since both the bottom and top substrates were involved in heat

transfer with fluids in small and large ducts nearby the substrates, tem-
perature distribution of the bottom (or top) substrate would be solved
separately for two sections, i.e., the left nearby small duct and the right
nearby large duct.
5

Heat transfer in the left section of bottom substrate (contacting
with fluid in the small duct) could be described as:

k
@2T
@x2 � hm

ts
T � Tf ;1
� � ¼ 0 ð16Þ

x ¼ 0;T ¼ Ts;1; x ¼ b
2
;
@T
@x

¼ 0 ð17Þ

By solving Eqs.(16) and (17), we obtained temperature distribution
of bottom substrate along the negative x direction, as:

T ¼ Esb;1eηb;1x þ Esb;2eηb;2x þ Tf ;1 ð18Þ
Then the heat flux flowing along negative × at node 1 on bottom

substrate (Qsb,1) was calculated as:

Qsb;1 ¼ �kts
@T
@x

����
x¼0

¼ �kts

ffiffiffiffiffiffi
hm
kts

s
Esb;1 � Esb;2ð Þ ð19Þ

where the coefficients Esb,1, Esb,2 and the eigenvalue ηb,1, ηb,2 are:

ηb;1 ¼
ffiffiffiffiffiffi
hm
kts

s
ηb;2 ¼ �

ffiffiffiffiffiffi
hm
kts

s
ð20Þ

Esb;1 ¼ 1
2

tanh
b
2

ffiffiffiffiffiffi
hm
kts

s !
� 1

 !
Tf ;1 � Ts;1
� � ð21Þ

Esb;2 ¼ �1
2

tanh
b
2

ffiffiffiffiffiffi
hm
kts

s !
þ 1

 !
Tf ;1 � Ts;1
� � ð22Þ

Similarly, heat transfer in the right section of bottom substrate
(contacting with fluid in the large duct) could be described as:

k
@2T
@x2 � hf

ts
T � Tf ;nþ1
� � ¼ 0 ð23Þ

x ¼ 0;T ¼ Ts;1; x ¼ a
2
;
@T
@x

¼ 0 ð24Þ

Temperature distribution of bottom substrate along the positive x di-
rection was obtained as:

T ¼ Esb;3eηb;3x þ Esb;4eηb;4x þ Tf ;nþ1 ð25Þ
The heat flux flowing along positive x at node 1 on bottom sub-

strates (Qsb,2) was calculated as:

Qsb;2 ¼ �kts
@T
@x

����
x¼0

¼ �kts

ffiffiffiffiffiffi
hf
kts

s
Esb;3 � Esb;4ð Þ ð26Þ

where the coefficients Esb,3, Esb,4 and the eigenvalue ηb,3, ηb,4 are:

ηb;3 ¼
ffiffiffiffiffiffi
hf
kts

s
ηb;4 ¼ �

ffiffiffiffiffiffi
hf
kts

s
ð27Þ

Esb;3 ¼ 1
2

tanh
a
2

ffiffiffiffiffiffi
hf
kts

s !
� 1

 !
Tf ;nþ1 � Ts;1
� � ð28Þ

Esb;4 ¼ �1
2

tanh
a
2

ffiffiffiffiffiffi
hf
kts

s !
þ 1

 !
Tf ;nþ1 � Ts;1
� � ð29Þ

Next, heat transfer in the left section of top substrate (contacting
with fluid in the small duct) was considered, governed by:

k
@2T
@x2 � hm

ts
T � Tf ;n
� � ¼ 0 ð30Þ

x ¼ 0;T ¼ Ts;nþ1; x ¼ b
2
;
@T
@x

¼ 0 ð31Þ
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Temperature distribution of top substrate along the negative x direc-
tion was thence obtained as:

T ¼ Est;1eηt;1x þ Est;2eηt;2x þ Tf ;n ð32Þ

The heat flux flowing along negative x at node n + 1 on top sub-
strates (Qst,1) was:

Qst;1 ¼ �kts
@T
@x

����
x¼0

¼ �kts

ffiffiffiffiffiffi
hm
kts

s
Est;1 � Est;2ð Þ ð33Þ

where the coefficients Est,1, Est,2 and the eigenvalue ηt,1, ηt,2 are:

ηt;1 ¼
ffiffiffiffiffiffi
hm
kts

s
ηt;2 ¼

ffiffiffiffiffiffi
hm
kts

s
ð34Þ

Est;1 ¼ 1
2

tanh
b
2

ffiffiffiffiffiffi
hm
kts

s !
� 1

 !
Tf ;n � Ts;nþ1
� � ð35Þ

Est;2 ¼ �1
2

tanh
b
2

ffiffiffiffiffiffi
hm
kts

s !
þ 1

 !
Tf ;n � Ts;nþ1
� � ð36Þ

Finally, heat transfer in the right section of top substrate (contact-
ing with fluid in the large duct) was governed by:

k
@2T
@x2 �

hf
ts

T � Tf ;nþ1
� � ¼ 0 ð37Þ

x ¼ 0;T ¼ Ts;nþ1; x ¼ a
2
;
@T
@x

¼ 0 ð38Þ

Temperature distribution of top substrate along the positive × di-
rection was obtained as:

T ¼ Est;3eηt;3x þ Est;4eηt;4x þ Tf ;nþ1 ð39Þ
from which heat flux flowing along positive × at node n + 1 on top
substrates (Qst,2) was calculated as:

Qst;2 ¼ �kts
@T
@x

����
x¼0

¼ �kts

ffiffiffiffiffiffi
hf
kts

s
Est;3 � Est;4ð Þ ð40Þ

where the coefficients Est,3, Est,4 and the eigenvalue ηt,3, ηt,4 are:

ηt;3 ¼
ffiffiffiffiffiffi
hf
kts

s
ηt;4 ¼ �

ffiffiffiffiffiffi
hf
kts

s
ð41Þ

Est;3 ¼ 1
2

tanh
a
2

ffiffiffiffiffiffi
hf
kts

s !
� 1

 !
Tf ;nþ1 � Ts;nþ1
� � ð42Þ

Est;4 ¼ �1
2

tanh
a
2

ffiffiffiffiffiffi
hf
kts

s !
þ 1

 !
Tf ;nþ1 � Ts;nþ1
� � ð43Þ
2.1.4. Heat flux equilibrium in solid region
As shown in Fig. 2(d), balance of heat flux at node i + 1 was estab-

lished as:

Qm;i þ Qo;iþ1 ¼ Qe;i ð44Þ
Substituting Eqs.(4), (5), (12) into Eq.(44) and simplifying the

equation, we obtained:
6
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q� �Ts;iþ2 ¼ 1
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b
2
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2
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� �
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 �
ð45Þ

where i = 1,2,3, …, n‐1. Eq. (45) was a linear equation system with
n + 1 unknown temperatures, e.g., Ts,i, Ts,i+1, Ts,i+2, but there were
only n‐1 equations. In order to enclose the equations, two additional
heat flux equilibrium equations were written for the bottom and top
substrates, respectively:

Qo;1 þ Qsb;1 þ Qsb;2 ¼ q1 t þ aþ b
2

� �
ð46Þ

�Qe;n þ Qst;1 þ Qst;2 ¼ q2 t þ aþ b
2

� �
ð47Þ

Substituting Eqs.(4), (19), (26) into Eq.(46) and Eqs. (5), (33), (40)
into Eq.(47), we had:

k tcoth c
ffiffiffiffiffiffiffiffiffiffi
hfþhm

kt
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hfþhm

kt

q
þ ts tanh a

2
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hm
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ð48Þ
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ð49Þ
Eqs. (45), (48), (49) constituted a system of linear equations about

node temperature Ts,i (i = 1,2,3, …, n + 1):

β1 β2 : : : : :

β2 β3 β2 : : : :

: β2 β3 β2 : : :

� � � � � � � � � � � � � � � � � � � � �
: : : β2 β3 β2 :

: : : : β2 β3 β2
: ; : : : β2 β1

2
666666666664

3
777777777775

Ts;1

Ts;2

Ts;3

� � �
Ts;n�1

Ts;n

Ts;nþ1

2
666666666664

3
777777777775
¼

γ1
γ2
γ3
� � �
γn�1

γn
γnþ1

2
666666666664

3
777777777775

ð50Þ

where,

β1 ¼ k tcoth c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hf þ hm
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r ! ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hf þ hm
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hf
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s "
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s !#
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2 þ Tf ;nþ1ktstanh a

2

ffiffiffiffi
hf
kts

q� � ffiffiffiffi
hf
kts

q
þ Tf ;1ktstanh b

2

ffiffiffiffi
hm
kts

q� 	 ffiffiffiffi
hm
kts

q

þ
kttanh c

2

ffiffiffiffiffiffiffiffi
hf þhm

kt

q� �
Tf ;nþ1hfþTf ;1hmð Þ

ffiffiffiffiffiffiffiffi
hf þhm

kt

q
hfþhm

ð54Þ
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γiþ1 ¼ 1
2 krtanh

b
2

ffiffiffiffiffiffi
2hm
kr

q� 	
Tf ;i þ Tf ;iþ1
� � ffiffiffiffiffiffi

2hm
kr

q
þ

ffiffiffiffiffiffiffiffiffiffi
kt

hfþhm

q
tanh c

2

ffiffiffiffiffiffiffiffiffiffi
hfþhm

kt

q� �
2Tf ;nþ1hf þ Tf ;i þ Tf ;iþ1

� �
hm


 �
i ¼ 1;2; 3 � � � n� 1

ð56Þ

As the coefficient matrix in Eq.(50) was tridiagonal, direct inver-
sion of the matrix would lead to poor efficiency. Instead, a chasing
algorithm was selected to solve the tridiagonal equations [42]. Finally,
the function expression (φi) of node temperature (Ts,i) was obtained as
a function of fluid temperatures (Tf,i), as:

Ts;1

Ts;2

� � �
Ts;i

� � �
Ts;n

Ts;nþ1

2
666666666664

3
777777777775
¼

φ1 Tf ;1;Tf ;2 � � �Tf ;nþ1
� �

φ2 Tf ;1;Tf ;2 � � �Tf ;nþ1
� �

� � �
φi Tf ;1;Tf ;2 � � �Tf ;nþ1
� �

� � �
φn Tf ;1;Tf ;2 � � �Tf ;nþ1
� �

φnþ1 Tf ;1;Tf ;2 � � �Tf ;nþ1
� �

2
666666666664

3
777777777775

ð57Þ

where φi (i = 1,2,3, …, n + 1) was obtained by solving Eq.(50).

2.2. Temperature of fluid along flow direction

As indicated by Eq.(57), in the xy plane perpendicular to flow, the
node temperature (Ts,i) only depended on fluid temperature (Tf,i) at
given z‐coordinate. Before the solid temperatures (Ts,i) at each z plane
could be solved, one should first obtain fluid temperature distribution
in each individual duct (Tf,i) along flow direction.

2.2.1. Temperature of fluid in large ducts
In order to solve fluid temperature distribution along flow direc-

tion, the heat transfer process of fluid in a large duct was analyzed.
At given xy plane, the fluid in the large duct was heated up by three
sources: convective heat transfer from the vertical struts, from the
top substrate, and from the bottom substrate, i.e., ΣQi,f, Qsb,2 and
Qst,2. Note that Qsb,2 and Qst,2 could be obtained by substituting Eq.
(57) into Eqs.(26) and (40), respectively.

Heat transfer from vertical struts between node i to i + 1 to the
fluid in the large duct (Qi,f) was:

Qi;f ¼ hf
Z c

0
T � Tf ;nþ1
� �

dy

¼ hf
Ci;1

λ1
eλ1c � 1
� �þ Ci;2

λ2
eλ2c � 1
� �þ hm

hf þ hm
Tf ;i � Tf ;nþ1
� �

c
� �

ð58Þ
7

where i = 1,2,3, …, n. Total heat dissipation from n vertical struts to
fluid in the large duct was ΣQi,f.

Temperature rise of fluid in the large duct along streamwise direc-
tion was due to heat input from the bottom and top substrates as well
as from the vertical struts. Conservation of energy dictated:

ρuf
aH
2

cp
@Tf ;nþ1

@z
¼ Qsb;2 þ Qst;2 þ ∑

n

i¼1
Qi;f ð59Þ

where uf is the average velocity of fluid flow in the large duct.

2.2.2. Temperature of fluid in small ducts
Similarly, at given z plane perpendicular to the flow direction, the

fluid in each small duct was heated up by three heat sources: the con-
vective heat transfer from vertical strut (between node i and i + 1),
from horizontal struts at node i and that at node i + 1, denoted by Qi,-
mv, Qi,mhu and Qi,mhd respectively.

Heat dissipation from vertical strut between node i and i + 1 to
fluid in small duct i (Qi,mv) satisfied:

Qi;mv ¼ hm
Z c

0
T�Tf ;i
� �

dy

¼ hm
Ci;1

λ1
eλ1c �1
� �þCi;2

λ2
eλ2c �1
� �þ hf

hf þhm
Tf ;nþ1 �Tf ;i
� �

c
� �

ð60Þ

where i = 1,2,3, …, n represents each small duct from bottom to top.
Heat dissipation from horizontal strut at node i to fluid in small

duct i (Qi,mhu) satisfied:

Qi;mhu ¼ hm
Z b

2

0
T�Tf ;i
� �

dx

¼ hm
Di�1;1

μ1
eμ1

b
2 �1

� 	
þDi�1;2

μ2
eμ2

b
2 �1

� 	
þ Tf ;i�1 �Tf ;i

2

� �
b
2

� �
ð61Þ

where i = 2,3, …, n denotes each horizontal strut from bottom to the
top. However, for the small duct nearby the bottom substrate, heat
transfer from bottom substrate to fluid was separately determined, as:

Q1;mhu ¼ hm
Z b

2

0
T � Tf ;1
� �

dx ¼ Qsb;1 ð62Þ

Similarly, heat dissipation from horizontal strut at node i + 1 to
fluid in small duct i (Qi,mhd) satisfied:

Qi;mhd ¼ hm
Z b

2

0
T � Tf ;i
� �

dx

¼ hm
Di;1

μ1
eμ1

b
2 � 1

� 	
þ Di;2

μ2
eμ2

b
2 � 1

� 	
þ Tf ;iþ1 � Tf ;i

2

� �
b
2

� �
ð63Þ

where i = 1,2,3, …, n‐1. For the small duct nearby the top substrate,
heat transfer from top substrate to fluid was separately calculated as:

Qn;mhd ¼ hm
Z a

2

0
T � Tf ;n
� � ¼ Qst;1 ð64Þ

As the rise of fluid temperate in the small duct iwas caused by the heat
sources of Qi,mv, Qi,mhu and Qi,mhd, conservation of energy was written as:

ρum
bc
2
cp
@Tf ;i

@z
¼ Qi;mv þ Qi;mhu þ Qi;mhd ð65Þ

where um is the velocity in small ducts.

2.2.3. Solution of fluid temperatures
Substitution of Eq.(57) into Eqs. (59), (65) yielded a first order sys-

tem of linear ordinary differential equations about Tf,i , as:

@

@z

Tf ;1

Tf ;2

� � �
Tf ;n

Tf ;nþ1

2
6666664

3
7777775
¼

G1;1 G1;2 � � � G1;n G1;nþ1

G2;1 G2;2 � � � G2;n G2;nþ1

� � � � � � � � � � � � � � �
Gn;1 Gn;2 � � � Gn;n Gn;nþ1

Gnþ1;1 Gnþ1;2 � � � Gnþ1;n Gnþ1;nþ1

2
6666664

3
7777775

Tf ;1

Tf ;2

� � �
Tf ;n

Tf ;nþ1

2
6666664

3
7777775
þ

W1

W2
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Wn

Wnþ1

2
6666664

3
7777775

ð66Þ
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where G and W are constant coefficient matrices, both independent of
node temperature (Ts,i) and fluid temperature (Tf,i) but related to ther-
mal properties and working conditions, e.g., k, kf, μ, ρ,hf, hm, uf, um, a, b,
c, H, L, r, t, ts, q1, q2, Δp.

2.3. Determination of velocity and interfacial heat transfer coefficient

In order to close the theoretical model, flow velocity and interfacial
heat transfer coefficient in the rectangular duct should be determined.
This was achieved by employing empirical formula of laminar flow
and turbulent flow regions, respectively, as detailed below.

2.3.1. Laminar flow
The friction factor and Nusselt number for fully developed flow in a

rectangular pipe with constant heat flux boundary condition were pre-
viously correlated as [43]:

f � Re ¼ 24Ψu ð67Þ

Nu ¼ 8:235Ψh ð68Þ
where Re is the Reynolds number, and Ψu and Ψh are flow shape factors
of the duct [9]:

f ¼ ΔpD
2ρu2L

ð69Þ

Re ¼ ρuD
μ

ð70Þ

Nu ¼ hD
kf

ð71Þ

Ψu ¼ 1� 1:3553αþ 1:9467α2 � 1:7012α3 þ 0:9564α4

� 0:2537α5 ð72Þ

Ψh ¼ 1� 2:0421αþ 3:0853α2 � 2:4765α3 þ 1:0578α4

� 0:1861α5 ð73Þ
Here, D and α are hydraulic diameter and aspect ratio of the duct,

respectively. For large ducts, α = min [a / H, H / a], while for small
ducts α = min [b / c, c / b].

Then Eqs. (67), (68) could be rewritten as follows:

u ¼ ΔpD2

48μL 1� 1:3553αþ 1:9467α2 � 1:7012α3 þ 0:9564α4 � 0:2537α5ð Þ
ð74Þ

h ¼ 8:235

� kf
D

1� 2:0421αþ 3:0853α2 � 2:4765α3 þ 1:0578α4 � 0:1861α5� �
ð75Þ
2.3.2. Turbulent flow
For non‐circular cross‐sectional ducts, flow resistance was

described by the Karman‐Nikuradse relationship [44]:

f�1=2 ¼ 1:737ln Ref 1=2
h i

� 0:396 ð76Þ

Heat transfer was described by the Gnielinski formula, which was
accurate over a wide range of Reynolds number:

Nu ¼ f=2ð Þ Re� 103� �
Pr

1þ 12:7 f=2ð Þ1=2 Pr2=3 � 1
� � ð77Þ

Upon substituting Eqs. (69), (70), (71) into Eqs. (76), (77), flow
velocity and heat transfer coefficient were determined as:
8

u ¼ 1:737ln 2�1=2Δp1=2ρ1=2D3=2μ�1L�1=2� �� 0:396
21=2Δp�1=2ρ1=2L1=2D�1=2 ð78Þ

h ¼ μcp
D

f=2ð Þ Re� 103� �
1þ 12:7 f=2ð Þ1=2 μcp=kf

� �2=3 � 1
� 	 ð79Þ
2.4. Parameters definition

The overall heat transfer coefficient of the hierarchical corrugated
sandwich panel was defined as:

hw ¼ qave
Ts;ave � Tf ;ave

ð80Þ

where qave is the constant heat flux imposed to the top and bottom sub-
strates, and Ts,ave is the area weighted average temperature of solid at
any xy plane in fully developed region:

Ts;ave ¼ 1
S

Z
TdS ¼ 1

S
∑
n

i¼1

Z
tTdy þ ∑

n�1

i¼1

Z
rTdx þ

Z
tsTdx

� �
ð81Þ

The three items in brackets are the area weighted average temper-
ature of the vertical struts, horizontal struts and substrates, respec-
tively, which could be determined from the known temperature
distributions of each solid components. Tf,ave is the bulk temperature
of fluid at the corresponding xy plane in fully developed region:

Tf ;ave ¼ 1
uS

Z
TudS ¼ 1

numbcþ uf aH
umbc∑

n

i¼1
Tf ;i þ uf aHTf ;nþ1

� �
ð82Þ

Finally, the overall Reynolds number, Nusselt number and friction
factor of the hierarchical corrugated sandwich panel were defined
based on the height of the panel, as:

ReH ¼ ρuwH
μ

ð83Þ

NuH ¼ hwH
kf

ð84Þ

f H ¼ ΔpH
2ρu2wL

ð85Þ
3. Numerical simulation

In this section, a numerical model for predicting the convective
heat transfer efficiency of the proposed hierarchical corrugated sand-
wich panel was established.

3.1. Computational domain, governing equations and boundary conditions

Fig. 2(b) presents the computational domain and mesh used for
modelling forced convection heat transfer in the hierarchical corru-
gated sandwich. Due to symmetry of geometry and boundary condi-
tions, only a unit cell was included in the numerical simulation to
save computational time. Geometric parameters selected for the case
study were listed in Table 1. Thermal properties of the hierarchical
structure (made of aluminum) and the cooling fluid (water) were given
in Table 2. Both the top and bottom substrates of the sandwich were
subjected to a constant heat flux of 10000 W/m2. Inlet temperature
of the cooling water was fixed at 300 K, while its mean velocity was
varied over a wide range and the corresponding Reynolds number
changed from 100 to 20000, ranging from laminar, transition to turbu-
lent flow regions. Therefore, both the laminar model and the k ‐ ε tur-
bulence model were tested in the numerical simulation for both
laminar and full turbulent flows, respectively. Other assumptions
made included:



Table 1
Geometric parameters of the hierarchical structure selected for numerical simulation.

Height of sandwich
panelH (mm)

Length of sandwich
panelsL (mm)

Width of large
ductsa (mm)

Width of small
ductsb (mm)

Thickness of vertical
strutst (mm)

Thickness of
horizontal strutsr
(mm)

Thickness of
substratests (mm)

Number of
small ductsn

10 3000 6 6 1 0.5 1 2

Table 2
Thermal properties of aluminum and water used in numerical simulation.

Materials Densityρ (kg/m−3) Specific heatcp (J/(kg·K)) Dynamic viscosityμ (Pa·s) Thermal conductivityk (W/(mK))

Water 998.2 4182 1.003 × 103 0.6
Aluminum 2700 880 – 202
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(1) The flow was three‐dimensional, incompressible and steady
with no viscous dissipation;

(2) Thermal properties of fluid and solid were constant.

Based on the above assumptions, governing equations of the
numerical model are [45]:

Continuity equation:

@uj
@xj

¼ 0 ð86Þ

Momentum equations:

@

@xj
ðρuiujÞ ¼ � @p

@xi
þ @

@xj
μ
@ui
@xj

� ρ u0iu
0
j

�� �
i ¼ 1; 2;3ð Þ ð87Þ

Energy equation:

@

@xj
ðρujTÞ ¼ @

@xj

k
cp

@T
@xj

� ρ u0jT
0�� �

ð88Þ

where ρ, cp, μ and k are the density, specific heat, dynamic viscosity and
thermal conductivity, respectively.

The Reynolds‐averaging equations were employed to deal with tur-

bulence, where ρ u0iu
0
j

�
was the Reynolds stress generated by instanta-

neous pulsating flow, and ρ u0jT
0

�
was the additional term of

turbulence pulsation of temperature. The Reynolds stress was related
to the average velocity gradient using vortex viscosity coefficient
according to the Boussinesq hypothesis, as:

�ρ u0iu
0
j

�
¼ τij ¼ μt 2Sij � 2

3
@ui
@xi

δij

� �
� 2
3
ρkδij ð89Þ

where Sij was the strain rate tensor satisfying:

Sij ¼ 1
2

@ui
@xj

þ @uj
@xi

� �
ð90Þ

The temperature transmitted by turbulence pulsation was related to
the time‐averaging parameters via:

�ρ u0jT
0�
¼ Γt

@T
@xj

ð91Þ

In the above equations, μt is the turbulent viscous coefficient and Гt
is the turbulent diffusion coefficient.

The standard k‐ε turbulent model was chosen to evaluate the turbu-
lent viscous coefficient, as:

Turbulent kinetic energy equation:

ρ
@k
@t

þ ρuj
@k
@xj

¼ @

@xj
μþ μt

σk

� �
@k
@xj

� 

þ μt

@ui
@xj

@ui
@xj

þ @uj
@xi

� �
� ρɛ ð92Þ

Turbulence dissipation equation:

ρuk
@ɛ
@xk

¼ @

@xj
μþ μt

σɛ

� �
@ɛ
@xk

� 

þ c1ɛ

k
μt
@ui
@xj

@ui
@xj

þ @uj
@xi

� �
� c2ρ

ɛ2

k
ð93Þ
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The turbulence viscosity and turbulent diffusion coefficient could
be evaluated as:

μt ¼ ρcμ
k2

ɛ
ð94Þ

Γt ¼ μ

Pr
þ μt
σt

ð95Þ

where σt is the turbulent Prantl number related to the temperature field:
μ/Pr is caused by molecular diffusion, while μt/σt is due to turbulent
fluctuation. The model coefficients and constants selected in the pre-
sent study were: c1 = 1.44, c2 = 1.92, cμ = 0.09, σk = 1.0, σε = 1.3,
σt = 0.95.

Pressure boundary conditions were applied to the inlet and outlet
of the computational domain, respectively. The top substrate was
heated by uniform heat flux. Symmetry boundary condition was
applied to the two sides and the bottom surface of the computational
domain. The remaining solid walls were thermally adiabatic. The
above boundary conditions can be mathematically described as [9]:

Inlet:

p ¼ Δp;Tc ¼ 300K ð96Þ
Outlet:

p ¼ 0;
@T
@z

¼ 0 ð97Þ
Two sides and bottom:

@u
@n

¼ @v
@n

¼ @w
@n

¼ @T
@n

¼ 0 ð98Þ

Top:

q ¼ �k
@T
@n

ð99Þ

Solid walls at inlet/outlet:

u ¼ v ¼ w ¼ 0; q ¼ 0 ð100Þ
where Δp is the applied pressure drop across the length of sandwich
panel, and q is the uniform heat flux applied to the substrates.

3.2. Numerical methods

A multi‐block structured mesh incorporating fully hexahedral ele-
ments was generated by Gambit 2.4.6 in all fluid and solid domains
[9]. A commercial CFD code (ANSYS Fluent 14.5) was used to solve
the current problem. The SIMPLE algorithm was applied to couple
the pressure and velocity for numerical analysis. A second‐order
upwind scheme was applied to discretize the convective terms in the
governing equations. The iterative convergence criterion was chosen
as 10‐5 for momentum equation and 10‐6 for energy equation [46]
which were verified to be small enough to ensure the numerical results
independent of the selected values. The grid dependency was also
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checked with the number of elements increasing from 200 thousand to
2 million, and the results showed no difference.

4. Results and discussion

4.1. Theoretical model verification

Firstly, the theoretical model was verified under laminar flow con-
dition by comparing the predicted fluid and solid temperature distri-
butions along the z‐coordinate against CFD results, as shown in
Fig. 3. In the case study, heat flux on the top and bottom substrates
was fixed at q1 = q2 = 200 W/m2, and pressure drop was set as
Δp = 200 Pa. The corresponding Reynolds number of large and small
ducts were 647 and 368, respectively. Both the theoretical and CFD
predictions showed that the temperatures of fluid and solid in the hier-
archical corrugated sandwich increase linearly along streamwise direc-
tion, with the relative error between the two approaches <5%.
Actually, although the heat transfer performance of a hierarchical
sandwich is determined by both solid heat conduction and fluid con-
vection, the fluid convective effect is significantly stronger than that
of heat conduction. It is therefore reasonable to ignore heat conduction
along streamwise direction (i.e., z direction) for theoretical modeling.

Next, after validating the theoretical model in laminar flow, the
model was extended to turbulent flow by replacing the empirical cor-
relations, as discussed in the next section.

4.2. Flow transition from laminar to turbulence within the sandwich panel

Flow characteristics within the hierarchical corrugated sandwich
panel would change with varying Reynolds number, from laminar,
transition to turbulent flow. Due to its non‐homogeneous duct size,
at moderate Reynolds numbers, flow in small ducts may be laminar
but may change to turbulent in large ducts. However, at smaller and
larger Reynolds numbers, flow in the whole sandwich panel would
be purely laminar and turbulent, respectively. To identify the flow
stage, a typical hierarchical corrugated sandwich with the geometrical
parameters of H = 10 mm, t = 1 mm, r = 1 mm, ts = 1 mm,
L = 3000 mm, and n = 2 was investigated in the full range of Rey-
nolds number, from laminar to turbulent flow. Corresponding Nu‐Re
and f‐Re curves obtained from both the theory and CFD simulation
were displayed in Fig. 4(a) and (b), respectively. For CFD simulations,
both the laminar and turbulent models were examined in the full range
of Reynolds number. The k‐ε turbulence model with standard wall
function was used in turbulence simulation, where the non‐
dimensional distance from the first grid to the wall (y+) was within
30 ~ 50[45]. For theoretical model prediction, laminar or turbulent
correlation was applied depending upon the actual Reynolds number
in each individual duct.
Fig. 3. Comparison of theoretically and numerically predicted temperature distrib
(a) cross-sectional average temperature of fluid; (b) cross-sectional average tempe
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According to Fig. 4, flow state in the sandwich could be divided
into three regions according to the Reynolds number, as:

(1) In the laminar flow region (ReH < 2300), flow in both large
ducts (Ref < 2300) and small ducts (Rem 〈770) was laminar.
Our theory and CFD model both revealed that the friction coef-
ficient decreased rapidly, while the Nusselt number remained
almost constant as increasing the Reynolds number. The CFD
laminar model was more consistent with the theory relative to
the turbulence model.

(2) In the transition flow region (2300 < ReH < 6000), flow states
in large ducts (2300 < Ref < 5100) and small ducts
(770 < Rem < 2600) were not consistent. Flow in the small
ducts was laminar whereas in the large ducts it was unstable
and chaotic due to the disturbance. In this flow stage, neither
the steady‐state laminar CFD model nor the k ‐ ε turbulence
model agreed with the theoretical predictions.

(3) In the vigorous turbulent flow region (ReH > 6000), the Rey-
nolds number in large ducts (Ref > 5100) and small ducts
(Rem > 2600) guaranteed complete turbulent flow in the whole
sandwich panel. The friction coefficient tended to be constant
after a sharp drop in the laminar and transition regions. The k
‐ ε turbulent model predicted this trend accurately and matched
the theoretical predictions better than the laminar model, for
both hydrodynamics and heat transfer.

The theoretical model had been verified both in laminar and turbu-
lent flow regions, and hence could be applied in the full flow range for
optimal cooling design.

4.3. Parametrical studies

4.3.1. Effects of width ratio of large to small ducts on heat transfer
With the width of large ducts fixed, increasing the width of small

ducts would enlarge the total heat dissipation surface area of the sand-
wich, but meanwhile increase the flow resistance. Therefore, there
may exist an optimal ratio of width between the large and small ducts
at which the heat transfer of the sandwich is maximized at given pres-
sure drop.

Fig. 5 plotted the overall Nusselt number of the sandwich as a func-
tion of the width ratio (a/b) of large to small ducts in laminar flow.
Upon considering the limits of manufacturing capacity, the width ratio
was varied in the range of 0.1 ~ 3. The results showed that at small
width of large ducts, e.g., a < 2 mm, heat transfer first increased
and then decreased as increasing the width ratio of the large to small
ducts, and there existed an optimal width ratio. Nevertheless, if the
width of large ducts was larger, e.g., a>2mm, heat transfer decreased
monotonously as increasing the width ratio within the investigated
utions of hierarchical corrugated sandwich panel along streamwise direction:
rature of solid (Δp = 200 Pa, Re = 647, q1 = q2 = 200 W/m2).



Fig. 4. Comparison of theoretical model predictions and CFD simulation results of (a) heat transfer and (b) friction coefficient for hierarchical corrugated
sandwich panel.

Fig. 5. Influence of width ratio of large to small ducts on heat transfer of
hierarchical corrugated sandwich panel under fixed pressure drop in laminar
flow (n = 4).
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range of parameters. It is worth noting that, under laminar flow condi-
tion, the heat transfer efficiency of the sandwich is independent of
Reynolds number (or pressure drop), thus the optimal width ratio is
constant with varying Reynolds number in laminar flow.

Fig. 6(a) plotted the overall Nusselt number as a function of the
width ratio of large to small ducts under turbulent flow condition. Sim-
ilar to the case of laminar flow (Fig. 5), when the width of large ducts
was small, e.g., a < 4 mm, heat transfer first increased and then
Fig. 6. Influence of width ratio of large to small ducts on heat transfer performance
at: (a) fixed pressure drop of Δp/L = 0.167 MPa/m; (b) fixed width of large duct
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decreased with the increase of width ratio, resulting in an optimal
width ratio. However, at larger width of the large ducts, e.g.,
a > 4 mm, heat transfer decreased monotonically as the width ratio
was increased. Unlike laminar flow, the Nusselt number in turbulent
flow depends on the Reynolds number, so the optimal width ratio
would also change with the Reynolds number (or pressure drop).
Fig. 6(b) showed that the optimal width ratio increased as the pressure
drop (or Reynolds number) was increased. In other words, if the width
of large ducts was fixed (e.g., a = 1.5 mm) but the pressure drop was
increased, the sandwich panel tended to decrease the size of small
ducts for optimal heat transfer efficiency.

4.3.2. Effect of the number of small ducts on heat transfer
With all other parameters unchanged, increasing the number of

small ducts increases heat dissipation surface area, but meanwhile
increases flow resistance. The two competing effects may lead to the
presence of an optimal number of small ducts for maximum heat trans-
fer under fixed pressure drop.

Fig. 7 showed the variation of overall Nusselt number with increas-
ing number of small ducts at fixed pressure drop in laminar flow. The
heat transfer increased first and then decreased as increasing the num-
ber of small ducts if the width ratio (a/b) was<1. If the width ratio a /
b ≥ 1 (green line in Fig. 7), the heat transfer decreased monotonically
with increasing number of small ducts. In addition, at fixed width
ratio, e.g., a / b=0.5, the smaller the duct width, the better the overall
heat transfer. On the other hand, at fixed width of large ducts, e.g.,
a = 2 mm, as increasing the width ratio from 0.25 to 0.5 to 1.0, the
optimal number of small ducts tended to decrease.

In the turbulent flow region, as shown in Fig. 8(a), the Nusselt num-
ber decreased monotonously with increasing number of small ducts
of hierarchical corrugated sandwich panel in turbulent flow condition (n= 4)
of a = 1.5 mm.



Fig. 7. Effect of the number of small ducts on heat transfer of hierarchical
corrugated sandwich under fixed pressure drop in laminar flow.
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when the width ratio was large, e.g., a/b ≥ 0.3. If the width ratio was
small, e.g., a/b = 0.2, the Nusselt number first slightly increased then
decreased as the number of small ducts was increased, consistent with
the case of laminar flow; nevertheless, the Nusselt number was not
sensitive to the change of the number of small ducts. Fig. 8(b) pre-
sented the variation of Nusselt number with the number of small ducts
at five different pressure drops (flow velocity or Reynolds number) in
turbulent flow. It was found that the optimum number of small ducts
tended to increase as flow velocity in the sandwich structure was
increased.

5. Optimization of the hierarchical sandwich panel using ant
colony algorithm

5.1. Optimization problem description

The previous section showed that the overall heat transfer of hier-
archical corrugated sandwich could be enhanced by optimizing a sin-
gle geometric parameter such as width ratio of small to large ducts,
with other parameters fixed. However, it was difficult to find the opti-
mal combination of parameters using traditional methods such as the
exhaustive search method. In this section, to maximize the cooling effi-
ciency under given pressure drop, the five independent geometric
parameters were simultaneously optimized using the ant colony
algorithm.

The optimization problem was defined as below. Inlet temperature
of cooling fluid (Tc = 300 K) and heat flux imposed on top and bottom
Fig. 8. Influence of the number of small ducts on heat transfer characteristics in tur
m; (b) fixed large and small ducts width with a = 2 mm and b = 10 mm, respec
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substrates (q1 = q2 = 10000 W/m2) were all fixed. The objective was
to find the maximum Nusselt number (NuH) under given pressure drop,
while the design variables were the five geometric parameters (a, b, t,
r, n). The objective function and the corresponding constraints were:

Max NuH ¼ hwH
kf

s:t: 1 mm ⩽ a ⩽ 10 mm
1 mm ⩽ b ⩽ 10 mm
0:1 mm ⩽ t ⩽ 3 mm
0:1 mm ⩽ r ⩽ 1 mm
n ¼ 2;3;4 � � �

ð101Þ

where the range of geometric parameters were determined according to
the limits of manufacturing capacity.

5.2. Optimization methods

In the 1990 s, Dorigo et al. [47] found that when searching for
food, ant colony could exchange foraging information by secreting a
kind of biological hormone called pheromone to quickly find the tar-
get. Based on this phenomenon, a new simulated evolutionary algo-
rithm, i.e., the ant colony algorithm was proposed. As a general
stochastic optimization method, the ant colony algorithm is a bionic
algorithm which imitates the search mechanism of ants, and has
achieved success in solving a series of combinatorial optimization
problems, e.g., the famous traveling salesman problem (TSP) [48]
the vehicle scheduling problem, the integrated circuit design, the com-
munication network, and the data clustering analysis [49].

However, at present, the application scenarios of ant colony algo-
rithm were mainly restricted to discrete optimization problems: the
algorithm was not yet applied to complex continuous optimization
problems. This study attempted to employ this intelligent bionic algo-
rithm to solve the optimization problem for bionic engineering
structures.

Fig. 9 (a) illustrated the core idea of ant colony algorithm and the
process of searching the maximum value of a function. Assume that the
function has multiple local peaks. At the beginning, a group of ants are
randomly distributed in the entire function domain: some ants are
located near the wave crest and some close to the wave trough where
the whole system is disordered. Each ant would produce different
amount of pheromone before the next movement according to its cur-
rent position, i.e., the ant at the higher position would produce more
pheromone and inversely the ant at the lower position would produce
less pheromone. Then the ants at the position with less pheromone
have a high probability moving toward the position with more phero-
mone, while the ants at the position with more pheromone have a high
probability exploring around themselves randomly. Finally, all of the
ants tend to move toward the position of the highest amount of pher-
bulent flow at: (a) fixed pressure drop per unit length with Δp/L= 0.167 MPa/
tively.



Fig. 9. Ant colony optimization: (a) schematics of searching the maximum value of continuous function; (b) flow chart.

Table 3
Performance comparison between ant colony algorithm and exhaustive search method.

Time complexity Spatial complexity NuH (Δp = 105Pa) Time consumption

Exhaustive search O (n5) O (n5) 771.35 162 h
Ant colony algorithm O (n2) O (n2) 770.07 10.3 h

Fig. 10. Optimization results: (a) representative iterative process of ant colony optimization and optimization result of exhaustive search at fixed pressure drop of
Δp/L = 3.3 × 104 Pa/m; (b) maximum Nusselt number of hierarchical corrugated sandwich under different pressure drops optimized by ant colony algorithm.
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omone. After a limited number of movements, the “pheromones” in
the global highest position would attract more and more ants to gather
there, i.e., the ants would eventually gather around the maximum
value of the function and the whole system becomes ordered.

5.3. Optimization results

The heat transfer optimization of hierarchical corrugated sandwich
panels is essentially an optimization problem with 5 variables sub-
jected to constraints. Applying the ant colony algorithm can quickly
provide a solution close to the global optimum. In contrast, the exhaus-
tive search method needs 5 layers of loop nesting to search the opti-
mum solution which is time‐consuming. In order to compare the two
methods, we quantified the spatial/time complexity of the ant colony
algorithm and the exhaustive search method, respectively. As shown in
Table 3, in terms of spatial and time complexity, the ant colony algo-
rithm was 3 orders of magnitude less than the exhaustive search
method, and the time consumption of the former was only 1/16 of
the latter.

As shown in Fig. 10(a), the ant colony optimization experienced an
iterative process, advancing to the global optimal solution through
repeated search. Although the final solution may not be the global
13
optimal solution, the deviation between the final solution and the glo-
bal optimal solution was only 0.1%. Upon using the ant colony algo-
rithm, we successfully found the maximum heat transfer efficiency
of the proposed hierarchical corrugated sandwich panel and the corre-
sponding optimized geometric parameters at different pressure drops.
Fig. 10(b) plotted the maximum Nusselt number as a function of pres-
sure drop. The optimal Nusselt number did not change with pressure
drop in laminar flow, consistent with the existing conclusion of duct
flow that the Nusselt number exhibits a constant value in laminar flow
[44]. Nevertheless, in turbulent flow, the optimal Nusselt number
increased significantly with increasing pressure drop, as shown in
Fig. 10 (b).

6. Conclusion

The active cooling efficiency of a novel hierarchical corrugated
sandwich panel was theoretically and numerically investigated. A the-
oretical model coupling heat conduction in cell wall and fluid convec-
tion in the multi‐ducts of the hierarchical porous structure was
established, which was validated against CFD simulations from lami-
nar to turbulent flow. Based on the theoretical model, the influence
of key geometric parameters such as the large‐to‐small duct width
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ratio and the number of small flow ducts on overall heat transfer was
quantified. It was found that there existed optimal width ratio of large
to small ducts or optimal number of small ducts if other parameters
were fixed. To solve the multivariable optimization problem, the ant
colony algorithm was used to find the optimal combination of geomet-
ric parameters of the hierarchical corrugated sandwich for maximum
heat transfer. It was found that the optimal Nusselt number of the
sandwich is constant in laminar flow but increases with increasing
flow velocity in turbulent flow.
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