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ABSTRACT
The Leidenfrost phenomenon in its most common form is encountered when a droplet is levitated and driven by its own vapor. The recently
discovered “cold Leidenfrost phenomenon” expands this phenomenon into low-temperature regimes. Although various theoretical mod-
els have been proposed, analytical exploration on generalized dimensionless laws is still absent. In this work, we elucidated the role of the
dimensionless Jakob number in the Leidenfrost phenomenon through theoretical modeling. The model was verified by examining the cold
Leidenfrost phenomenon of both a dry ice nub on the surface of water and a liquid nitrogen droplet on a smooth silicon surface. Regardless
of the specific configuration, the dimensionless temperature distribution in the vapor film only depends on the Jakob number of the vapor
and presents linear dependence when the Jakob number is below 0.25. This theoretical model would facilitate the exploration of physics for
Leidenfrost events and, therefore, guide prediction as well as the design of applications in the future.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5082266

I. INTRODUCTION

The Leidenfrost phenomenon,1 wherein a droplet is levitated
and driven by its own vapor when placed on a superheated surface,
was first reported in 1756 and has been developed into diverse mani-
festations and applications.2–10 For instance, a self-propelled Leiden-
frost droplet was demonstrated on a 460 ○C ratchet-like microstruc-
ture,4 which opens a door to develop a self-powered fluidic device
through the Leidenfrost phenomenon. Afterward, a “Leidenfrost
cart” was developed to realize frictionless transportation on a teeth-
shaped surface at 355 ○C.3 Furthermore, the Leidenfrost phenom-
ena have been extended to solids.6,11 A “Leidenfrost engine” was
designed to generate electricity through the motion of a dry ice nub
on a hot turbine-like structure (500 ○C).11 On the other hand, based

on the overheated and charged status of the Leidenfrost droplet dur-
ing fast evaporation, it was used to synthesize gold nanoparticles
as a chemical reactor12 and to identify chemical species.13 With the
rapid development of nanofabrication, more and more novel activi-
ties based on Leidenfrost phenomena were performed on the nanos-
tructures.14–20 Nevertheless, these Leidenfrost systems are associated
with the limitation of the requirement for high temperatures to
generate evaporated gas.

Recently, “cold Leidenfrost phenomena” have been designed,
targeting a broader range of applications.21–24 For instance, a levi-
tated and self-propelled acetone droplet in a Leidenfrost state was
found on hot water substrates (65 ○C), and the miscible droplet can
even bounce off the substrate if the impact velocity is high enough.24

Furthermore, a room temperature (20 ○C) Leidenfrost water droplet
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was achieved through reducing the environmental pressure around
the droplet, and the droplet can have a spontaneous trampolining
behavior with potential application for energy conversion.23 At even
lower temperature (−78.5 ○C), a self-propelled hovercraft was devel-
oped by placing a dry ice device on the room temperature water,
which enables a novel way to utilize programmable self-propelled
devices over the water surface.21 Interestingly, a water droplet could
also be levitated and bounce on a piece of dry ice through the
substrate’s sublimation, which provides an alternative approach to
achieve “water repellence.”25 At extreme temperature (−196 ○C), an
aqueous droplet was found to be levitated on liquid nitrogen, which
has great importance for droplet cryopreservation.22,26

Theoretical models have been established to investigate various
Leidenfrost phenomena.2,27–34 The classical one could be traced back
to 1966, when an analytical model of the Leidenfrost phenomenon
was postulated to illustrate the film boiling behavior of droplets with
spheroid shape, which revealed that the major contribution to the
heat transfer in the Leidenfrost phenomenon is the convective con-
duction.1 Afterward, the approximate Leidenfrost droplet model of
the heat and mass balance through the vapor film provided a con-
venient way to predict the film thickness underneath the droplet.27

By solving the Young–Laplace equation, a mathematic model for
the Leidenfrost effect with precise droplet geometry was developed,
which implied that the calculation in Leidenfrost problem may be
reduced to the solution of three first-order ordinary differential
equations.28 At the same time, the theoretical models also helped to
investigate the motion behaviors of an object (droplet or solid) in a
Leidenfrost system. To explain the directional movement of uneven
dry ice in a Leidenfrost state, the Leidenfrost phenomenon of the
dry ice levitated on the hot surface was theoretically analyzed and it
was found that asymmetric mass distributions in a Leidenfrost solid
can lead to a nonhomogeneous vapor flow and thus generate a lat-
eral force.2 To illustrate the self-propulsion principle of a droplet
on a surface with a temperature gradient, a model of a Leidenfrost
droplet on a hot surface with a temperature gradient was developed
and it was surprisingly found that the variability of vapor properties

with temperature is instrumental for the droplet to move.31 Recently,
the Navier slip model for drag reduction by the Leidenfrost phe-
nomenon was developed, which provides a simple one parameter
characterization of the drag reduction phenomenon due to a stable
vapor layer.32 However, these models are usually established for spe-
cific cases, and there is still a lack of an analytical exploration on
common dimensionless laws for Leidenfrost phenomena.

Examination and comparison of reported studies show
that Leidenfrost phenomena share the common physics in that
the generated vapor provides levitation. Therefore, herein, we
developed a comprehensive theoretical model for Leidenfrost phe-
nomena highlighting the important role of the Jakob number
(defined as the ratio of the sensible heat of vapor to the latent
heat of evaporation). The physics studied involve the fully cou-
pled heat and mass transfer, fluid mechanics, and force balance.
This model yielded the analytical solutions of vapor film thick-
ness underneath the object, as well as the velocity, pressure, and
temperature distributions. The respective theoretical results for the
evaporation rate of dry ice and mass variation of liquid nitro-
gen droplet were verified by experimental results. The crucial role
of the Jakob number in temperature distribution was revealed.
This theoretical model provides an efficient way to explore the
physics of Leidenfrost events conveniently, hence guiding predic-
tion as well as the design of new variations and applications in the
future.

II. THEORETICAL MODELING
The classical Leidenfrost phenomenon refers to a water droplet

levitated by the vapor film produced as a result of the heat trans-
fer between the droplet and the heated surface1 [Fig. 1(a)]. On the
other hand, in the Leidenfrost phenomenon of dry ice on water,
the dry ice is levitated by the vapor film generated by its sublima-
tion21 [Fig. 1(b)]. Similarly, a liquid nitrogen droplet on a room
temperature surface is levitated by the vapor film evaporated from
the droplet that is heated by the surface;4 and an aqueous droplet on

FIG. 1. Theoretical sketch and various pictures of the Lei-
denfrost phenomenon: (a) water droplet levitated over a
300 ○C hot surface, (b) dry ice hovercraft on the room tem-
perature water surface, and (c) theoretical sketch of the
Leidenfrost phenomenon geometry examined in this work.
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the surface of liquid nitrogen is levitated by the vapor film from the
evaporation of liquid nitrogen.22,26

Regardless of whether the vapor comes from the object or the
substrate and whether they are liquid or solid, the Leidenfrost phe-
nomenon happens as long as the vapor produced can provide a
sufficient levitation force. Evidently, the vapor film underneath the
droplet plays a key role in the Leidenfrost phenomenon. Due to the
large temperature difference and extremely thin vapor film between
the object and substrate, the heat transfer and the temperature gra-
dient in the normal direction across the vapor film are much higher
than in the tangential direction.

Based on the above summary, we utilized a two-dimensional
geometric configuration for the Leidenfrost phenomenon system
[Fig. 1(c)]. To simplify the analysis and explore the dominant
physics, the vapor film underneath the object was assumed to be
of uniform thickness since it is sufficiently thin compared with
the characteristic length of object (typical orders of magnitude are
102 µm for the film thickness and a few millimeters for the object
length2). For investigating the flow behavior in the vapor film, the
lubrication analysis was utilized since the thickness of vapor film
(∼µm) is much smaller than its length (∼mm) and the vapor flow
can be treated as laminar due to its sufficiently small Reynold num-
ber (typically of the order of 1).1 Based on the lubrication anal-
ysis, the continuity equation and Navier-Stokes equations can be
simplified as

∂u
∂x

+
∂v
∂y

= 0, (1)

∂P
∂x

= µ
∂2u
∂y2 , (2)

∂P
∂y

= 0. (3)

In Eqs. (1)–(3), u (m/s) and v (m/s) are the parallel and vertical veloc-
ities of vapor flow, respectively, P (Pa) is the pressure in the vapor
film, µ (Pa s) is the viscosity of the vapor, x and y are the dimen-
sional variables in the parallel and the vertical direction, respectively.
As argued earlier, the heat transfer in the vertical direction is much
higher than in the parallel direction; hence, the energy conservation
equation in the quasisteady state can be written as

v
∂T
∂y

= α
∂2T
∂y2 , (4)

where T (K) is the temperature. α (m2/s) is the thermal diffusivity of
the vapor which satisfies α = k/(ρvcp), and k [W/(m K)], ρv (kg/m3),
and cp [J/(kg K)] are the thermal conductivity, density, and spe-
cific heat of the vapor, respectively. For simplification, we regarded
the vapor as Newtonian and no-slip boundary conditions that were
assumed. Thus, the boundary conditions of these equations can be
expressed as

y = 0, u = 0, v = 0, T = Ts, (5)
y = δ, u = 0, v = vδ, T = Td, (6)

where δ (m) is the thickness of the vapor film. Ts (K) and Td (K)
are the temperatures of the substrate and the object, respectively. vδ
(m/s) is the vertical vapor velocity at the bottom of object, which
represents the velocity of produced vapor from the surface of the

object. Integrating Eq. (2) and applying the boundary conditions (5)
and (6), the parallel velocity profile is derived,

u = 1
2µ

∂P
∂x

y(y − δ). (7)

Substituting Eq. (7) into (1), integrating, and applying boundary
condition (5), we obtain the vertical velocity profile,

v(y) = − 1
2µ

∂2P
∂x2 (

1
3
y3 − 1

2
δy2). (8)

Thus,

vδ = v(δ) = δ3

12µ
∂2P
∂x2 . (9)

The energy balance equation at the interface of the levitated object
and vapor can be expressed as

JL = ρvvδL = k
∂T
∂y
∣
y=δ

, (10)

where J [kg/(m2 s)] is the mass flux of vapor flow and L (J/kg) is the
latent heat of evaporation. (∂T/∂y)y=δ represents the thermal gradi-
ent at the interface of object and vapor. Substituting Eq. (10) into (9),
and combining with Eq. (8), we obtain

v(y) = − 6k
ρvLδ3

∂T
∂y
∣
y=δ
(1

3
y3 − 1

2
δy2). (11)

Substituting into Eq. (4),

⎛
⎝
− 6k
ρvLδ3

∂T
∂y
∣
y=δ
(1

3
y3 − 1

2
δy2)
⎞
⎠
∂T
∂y

= α
∂2T
∂y2 . (12)

Thus, the heat transfer profile across the vapor film can be quan-
tified by solving differential Eq. (12) and applying the boundary
conditions (5) and (6),

T(y) = Td − Ts
δ

∫
0
e
− k

αρvLδ3
∂T
∂y ∣y=δ(

1
2 y

4−δy3)
dy

y

∫
0

e
− k

αρvLδ3
∂T
∂y ∣y=δ(

1
2 y

4−δy3)
dy + Ts.

(13)
We nondimensionalized Eq. (13)

y = δy∗, (14)

T = Ts + (Td − Ts)T∗, (15)

Ja = cp(Ts − Td)
L

, (16)

where y∗ and T∗ are the dimensionless length and temperature,
respectively. Ja is the Jakob number, defined as the ratio of sensible
heat of vapor to latent heat of evaporation. Thus,

T∗(y) = 1
1

∫
0
e
Ja ∂T∗

∂y∗ ∣y=1
( 1

2 (y∗)4−(y∗)3)
dy∗

y∗

∫
0

e
Ja ∂T∗

∂y∗ ∣y=1
( 1

2 (y∗)
4−(y∗)3)

dy∗.

(17)
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The thermal gradient at y = δ is equal to

∂T∗

∂y∗
∣
y=1

= 1
1

∫
0
e
Ja ∂T∗

∂y∗ ∣y=1
( 1

2 (y∗)4−(y∗)3)
dy∗

e
− 1

2 Ja
∂T∗
∂y∗ ∣y=1 . (18)

Thus, the dimensionless thermal gradient can be determined by
solving Eq. (18) and consequently, the dimensionless temperature
is given by Eq. (17), with both only depending on the Jakob (Ja)
number.

At the same time, the second derivative of pressure can be
found via Eqs. (9) and (10),

∂2P
∂x2 = 12µk

ρvLδ3
∂T
∂y
∣
y=δ

. (19)

Because of the symmetry of the geometrical configuration, the first
derivative of pressure at x = 0 is equal to zero, while the pressure
at the boundary of the object (x = b/2) is atmospheric pressure [P0
(Pa)]. Through the integration of Eq. (19), the expression of pressure
distribution can be written as

P(x) = 6µk
ρvLδ3

∂T
∂y
∣
y=δ
(x2 − (b

2
)

2
) + P0. (20)

Furthermore, the aggregate pressure-induced force must balance the
weight of the object (W),

W = 2
b/2

∫
0

P(x)adx − abP0 = −
µkab3

ρvLδ3
∂T
∂y
∣
y=δ

. (21)

In Eq. (21), W (N) is equal to ρdVdg, where ρd (kg/m3) and Vd (m3)
are the density and volume of the object, respectively, and g (m/s2)
is the gravitational acceleration constant. In the geometric configu-
ration examined in this study, Vd = abc, and a, b, and c (m) are the
length, width, and height of the object, respectively. Thus, we obtain

∂T
∂y
∣
y=δ

= − cρdgρvLδ
3

µkb2 . (22)

Meanwhile, by using Eqs. (14) and (15),

∂T
∂y
∣
y=δ

= Td − Ts

δ
∂T∗

∂y∗
∣
y=1

. (23)

Thus, the thickness (δ) of the vapor film can be determined by
substituting Eq. (22) into (23),

δ =
⎛
⎝
−µkb2(Td − Ts)

cρdgρvL
∂T∗

∂y∗
∣
y=1

⎞
⎠

1/4
. (24)

Since the dimensionless thermal gradient is solved via Eq. (18), the
film thickness can be found from Eq. (24) and the thermal gradient
obtained from Eq. (22). Therefore, the profiles of temperature (T),
pressure (P), and vertical and parallel velocities (u and v) of the vapor
can be determined.

To consider the time effect, we took account of the weight
reduction by incorporating the evaporation of the object into the

model. Referring to Eqs. (10) and (23), the evaporation rate of the
object can be written as

Me = −Jab = −
abk
L

∂T
∂y
∣
y=δ

= −abk
L

Td − Ts

δ
∂T∗

∂y∗
∣
y=1

. (25)

Consequently, the weight of the evaporating object with respect to
time [t(s)] is

W =
⎛
⎜
⎝
ρdVd −

t

∫
0

Medt
⎞
⎟
⎠
g =
⎛
⎜
⎝
ρdVd −

abk(Ts − Td)
L

∂T∗

∂y∗
∣
y=1

t

∫
0

1
δ
dt
⎞
⎟
⎠
g.

(26)

Substituting Eq. (26) into (21)–(23), the time-dependent film thick-
ness is determined by solving the following equation:

δ =
⎛
⎜
⎝
⎛
⎝
µkb2(Ts − Td)

cρdgρvL
∂T∗

∂y∗
∣
y=1

⎞
⎠

−3/4
− 3ρvg

4µb2 t
⎞
⎟
⎠

−1/3

. (27)

Thus, the velocity and pressure transient profiles can be determined
via substituting Eq. (27) into Eqs. (22), (20), (11), and (7).

III. MODEL DEMONSTRATION AND EXPERIMENTAL
VALIDATION
A. Leidenfrost phenomenon of dry ice
on water surface

To demonstrate the predictive ability of the above theoretical
model, the Leidenfrost phenomenon of a dry ice nub on the water
was chosen as a representative example for calculations. This Leiden-
frost phenomenon was observed when placing a dry ice device on
the surface of room temperature water.21 Even the density of dry ice
(1562 kg/m3, 25 ○C) is higher than that of water (998 kg/m3, 25 ○C),
the dry ice device can be levitated on the water surface by the pro-
duced carbon dioxide vapor due to its sublimation. As an example,
we calculated the physical profiles (including distribution of tem-
perature, velocity, and pressure) of the Leidenfrost system of dry ice
nubs (78.5 ○C) with dimensions of 50 mm × 10 mm × 3 mm on the
surface of water at room temperature (25 ○C). The results at the ini-
tial time (t = 0) are shown in Fig. 2. The evaporation rates of dry
ice nubs on the water surface at different temperatures (from 18 to
32 ○C) were also accounted.

To obtain the temperature, pressure, velocity, and other phys-
ical profiles in the Leidenfrost phenomenon, the above equations
were solved via computational software (Wolfram Mathematica 11).
The Jakob number was calculated through Eq. (16), while the dimen-
sionless temperature distribution can be easily assessed by Eq. (17).
Hence, the evaporation rate and the film thickness can be obtained
by Eqs. (25) and (27). To extend the analysis, the pressure profile,
the parallel, and vertical velocity distribution can be achieved by
Eqs. (20), (7), and (8), respectively. The total velocity profile can
be calculated through combining parallel and vertical velocity. The
Reynolds number (Re) was calculated as Re = ρvumaxδ/µ, where umax
is the maximum parallel velocity along the y axis.

To verify this theoretical work, experiments on the measure-
ment of the dry ice evaporation rate on the water of different temper-
atures were performed. Dry ice nubs were formed in an aluminum

Phys. Fluids 31, 042109 (2019); doi: 10.1063/1.5082266 31, 042109-4

Published under license by AIP Publishing

https://scitation.org/journal/phf


Physics of Fluids ARTICLE scitation.org/journal/phf

FIG. 2. Temperature, pressure, and velocity distribution in vapor film: (a) temperature distribution, (b) pressure and parallel velocity (u) in the X-direction, (c) parallel (u) and
vertical velocity (v) in the vapor film (Y-direction), and (d) total vapor velocity (U) distribution in the vapor film.

module, with dimensions of 50 mm × 10 mm × 3 mm, and placed on
the water surface. The length of dry ice nubs is intentionally much
longer than the width and height to minimize three-dimensional
effects. A 60 ml volume water was added into the 85 mm dish and
placed on the scale. The temperature of water was monitored and
measured using a K-type thermocouple. The water temperature was
controlled and adjusted through replacing the cold water by hot
water before every experiment. Since the heat capacity of water is
high and each experiment was performed in a short time around
1 min, the temperature of the water pool is estimated to have limited
variation (∼3 ○C).

The mass variation of the entire dish including the water and
the dry ice inside during the initial 25 s was recorded using a dig-
ital camera off the scale readings. Since the evaporation of water
can be ignored (experimental measurement: ∼4 × 10−7 kg/s, from
18 to 32 ○C), the mass variation of the entire dish (∆md, kg) can
be regarded as the weight variation of the dry ice. Thus, the experi-
mental evaporation rate of dry ice on the water can be calculated as

Me =
∆md

∆t
, (28)

where ∆t (s) is the evaporation time recorded after placing the dry
ice onto the water surface.

B. Leidenfrost phenomenon of liquid nitrogen
droplet on smooth silicon surface

To demonstrate the importance of Jakob number with non-
linear temperature distribution, we also performed the experiments
of liquid nitrogen (−196 ○C) droplets on a smooth silicon surface
at room temperature (22 ○C). Since the heat capacity of nitro-
gen vapor and the vaporization latent heat of liquid nitrogen are
1040 J/(kg K) and 1.9875 × 105 J/kg, respectively, the Ja number
of this phenomenon will be ∼1.14, which belongs to a nonlinear
temperature distribution case. We measured the mass variation of
a 0.05 g liquid nitrogen droplet on the smooth silicon surface at
room temperature and compared with the theoretical mass varia-
tions as predicted by our model with nonlinear temperature and lin-
ear temperature hypothesis (∇2T = 0, commonly used in a previous
model27,28,30,35).

Before experiments, we first placed a 140 mm plastic dish on
a scale, then, a 4-in. smooth silicon wafer was placed into the dish.
A round gasket (outer diameter: 21 mm and inner diameter: 8 mm)
was put on the center of silicon wafer to limit the motion area of
liquid nitrogen droplets. After that, the display number on the scale
was reset to zero. During experiments, we utilized a spoon to slightly
add the liquid nitrogen droplets (around 0.06 g) into the gasket and
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on the surface of silicon and we used a digital camera to record the
variation of display number on the scale until the liquid nitrogen
droplets evaporated out. After experiments, the videos were ana-
lyzed frame by frame to collect the data. To have a similar initial mass
of liquid nitrogen droplets to compare with theoretical results, we
started to collect the data when the mass of liquid nitrogen droplets
is close to 0.05 g. We repeated the experiments more than 7 times,
and each experiment started 3 min after the last one to let the sili-
con surface recover to room temperature (∼22 ○C). The temperature
of the silicon surface was monitored and measured using a K-type
thermocouple.

The theoretical mass variations were calculated by our model
with nonlinear temperature distribution [Eq. (17)] and linear tem-
perature distribution hypothesis (∇2T = 0). For the nonlinear case,
the temperature distribution was determined by Eq. (17) based on
the Jakob number, and the dimensionless thermal gradient was
determined by Eq. (18). Then, the transient film thickness can be
calculated by Eq. (27), and thus, the evaporation rate [Eq. (25)] fol-
lowed by the mass variation can be determined. For the linear case,
the temperature distribution was determined by ∇2T = 0, and the
dimensionless thermal gradient will be equal to 1. The mass varia-
tion can be determined through similar methods as the nonlinear
case. We approximate the droplet as a cubic shape with the same
volume to simplify the calculation. In addition, a better geometric
model and theoretical model will be developed in our future study.

IV. RESULTS
Before calculating the physical fields, we verified the validity of

applying the lubrication approximation in this work. The Reynolds
number (Re), film thickness, maximum parallel, and vertical veloc-
ity at the symmetry axis of the vapor film were calculated to be ∼8.8,
7.4 × 10−5 m, 1.5 m/s, and 0.015 m/s, respectively. Therefore, the
vapor flow can be treated as laminar since the Reynolds number is
very small, and the lubrication approximation can be used in this
analysis since the film thickness is much smaller than the character-
istic length of the object (∼10 mm). On the other hand, the vertical
velocity is much smaller than the parallel velocity.

Since the Leidenfrost phenomenon is driven by the tempera-
ture difference between the object and the surface, we first calculated
the temperature distribution across the vapor film [Fig. 2(a)] that is
nearly linear. Furthermore, the thermal gradient at the bottom of the
object is high, at ∼1.34 × 106 K/m, since the thickness of the vapor
film is small. We also calculated the parallel velocity at the center
of the vapor film and the pressure distribution along the x-direction
(u and P). The results indicated that the pressure decreased away
from the symmetry axis, eventually reaching ambient pressure. The
parallel velocity on the middle plane of the vapor film increased in
the outward direction, correspondingly [Fig. 2(b)].

We also calculated the vertical (v) and parallel (u) velocity dis-
tributions along the y-axis. Since the vapor is produced at the top
of the vapor film (i.e., the bottom of object), the vertical velocity
(v) increases from the bottom to the top of the vapor film. How-
ever, the parallel velocity (u) assumes a symmetric distribution along
the y direction because of the nonslip conditions [Fig. 2(c)]. As the
vertical velocity is much smaller than the parallel velocity, the three-
dimensional total vapor velocity (U) distribution is dominated by
the parallel velocity [Fig. 2(d)].

FIG. 3. Theoretical and experimental evaporation rate: blue points (experimental
results) and red points (theoretical results).

Referring to Eq. (25), we know that the evaporation rate (Me)
highly depends on the temperature of water (Ts). Therefore, to
validate the theoretical analysis in this work, we experimentally
measured the evaporation rates of dry ice on the surface of dif-
ferent temperature water and compared them with the theoretical
results. The experimental results show that our theoretical calcu-
lations (red points) accurately predicted the experimental results
(blue points), with the dry ice evaporation rate considerably depend-
ing on the temperature of water (Fig. 3). Since the heat flux across
the vapor film increases with the increasing water temperature, the
evaporation process of dry ice is accelerated.

It is noteworthy that via Eq. (17), we could obtain the dimen-
sionless temperature distribution that only depends on the evapo-
ration Jakob number (Ja) of the object. Consequently, for a given
Ja number, the dimensionless temperature distribution across the
vapor film is known and the other physical fields of Leidenfrost
phenomenon can be quantified. Moreover, the results indicated
that if the Ja number is smaller than 0.25, i.e., the evaporation
latent heat is more than 4 times the heat capacity of the vapor, the
dimensionless temperature distribution can be regarded as linear
(criterion: linear correlation coefficient square: R2 > 0.999) (Fig. 4).
For instance, through Eq. (16) and corresponding thermal proper-
ties, we could obtain that the Leidenfrost systems of a dry ice nub
on the water (dry ice: −78.5 ○C and water: 25 ○C), a water droplet
on a hot surface (water: 99 ○C and hot surface: 400 ○C), and an
aqueous droplet on the surface of liquid nitrogen (droplet: 25 ○C
and liquid nitrogen: −196 ○C) have the Ja numbers of 0.15, 0.27,
and 1.16, respectively. Hence the temperature distribution across the
vapor film in the cases of a dry ice nub on the water and a water
droplet on a hot surface can be regarded as linear. However, in the
case of an aqueous droplet on liquid nitrogen, it is nonlinear. There-
fore, the Ja number is a key indicator of the energy exchange via
the evaporation of the object and the heat transfer across the vapor
film providing an efficient guide to classify and interpret Leidenfrost
phenomena.

We performed the Leidenfrost experiments of liquid nitrogen
droplets on the room temperature smooth silicon surface and com-
pared the experimental mass variation with the theoretical predic-
tion with nonlinear temperature and linear temperature hypothesis
(Fig. 5). We found that the experimental results (black dots) agreed
reasonably well with the nonlinear temperature hypothesis (red line)
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FIG. 4. Jakob number and dimensionless temperature distribution. T∗: dimen-
sionless temperature and y∗: dimensionless position between the substrate and
the object in the vertical direction. When the Ja number is smaller than 0.25,
the dimensionless temperature distribution can be regarded as linear (linear
correlation coefficient square: R2

> 0.999).

rather than the linear one (black line). In other words, the nonlinear
temperature distribution does exist in the Leidenfrost phenomenon
of the liquid nitrogen droplet on the smooth silicon surface. Con-
sidering its Jakob number is beyond 0.25 (Ja = 1.14), these results
supported our argument regarding the Jakob number’s important
role in the Leidenfrost phenomenon. With increasing time, the Lei-
denfrost droplet will become smaller and be close to a spheroid shape
as evaporation.27 Thus, the film thickness will be nonuniform which
results in the predictive discrepancy becoming larger. Therefore, the
discrepancies between theory and experiment after 10 s in Fig. 5 are
attributed to the vapor film underneath becoming nonuniform upon
evaporation.

FIG. 5. Mass variation of the liquid nitrogen droplet on the smooth silicon surface
at room temperature. Red line: calculated results with nonlinear temperature dis-
tribution hypothesis in the current model; black line: calculated results with linear
temperature distribution hypothesis which commonly used in previous models; and
black dots: experimental results.

V. DISCUSSION
In the current model, we considered convective heat trans-

fer in the vapor film. However, since the temperature difference
between the object and the substrate is typically large enough to
induce evaporation, radiative heat transfer should be evaluated.
In this regard, we simply estimated the radiative transfer assum-
ing blackbody behavior and compared with the conductive heat
flux (Q)

Q = −k∂T
∂y
∣
y=δ

. (29)

The results indicated that the conductive heat flux (dry ice on water:
∼16 885 W/m2 and liquid nitrogen droplet on silicon: ∼63 560
W/m2) is much higher than the radiative transfer (dry ice on water:
∼367 W/m2 and liquid nitrogen droplet on silicon: ∼428 W/m2) that
can thus be ignored.

Meanwhile, the temperature variation of the substrate may
influence the heat transfer in the vapor film as well. For example,
if the temperature of water decreases due to cooling when the dry
ice is placed on the water surface, the temperature distribution in
the vapor film and the evaporation of dry ice will be affected. To
address this concern, we measured the maximum temperature vari-
ation of water by a thermocouple and calculated the respective effect.
Based on the definitions of Jakob number [Eq. (16)] and evapora-
tion rate [Eq. (25)], after calculation, we found that the maximum
variation of water temperature (∼3 ○C) can only cause ∼2.9% vari-
ation of the Ja number and ∼2.5% variation of the evaporation rate
of dry ice, meaning that the temperature distribution and evapora-
tion of dry ice are negligibly affected. At the same time, we measured
the temperature of the silicon surface before and after each experi-
ment and we found that the temperature did not have a big range
(less than 2 ○C) as the liquid nitrogen droplet is very small, which
cannot result in a sufficient cooling of the silicon surface during the
period of experiments. Therefore, the effect of substrate temperature
variation can be ignored in the context of this work.

It is noteworthy to mention our finding that, in experiments,
the dry ice block with the bottom of 50 mm × 10 mm will immerse
into the water when its mass exceeds ∼6.9 g. As the levitation force of
the dry ice block comes from the pressure force of vapor underneath,
this behavior probably attributes to the saturation vapor pressure of
dry ice, which sets the upper limit of attainable pressure underneath.
At the same time, larger mass leads to larger side surface areas of
the dry ice block, which will also affect the bottom vapor release and
consequently the vapor pressure underneath. Therefore, our current
model is limited by the maximum mass of the levitated object, and
the detailed physics will be investigated in the future study.

At the same time, we used the uniform film thickness assump-
tion for simplifying the analysis in this work. In fact, for the Leiden-
frost phenomenon of dry ice on a hot surface, since the dry ice is
solid and the bottom of dry ice slabs is flat, we believe that the uni-
form film thickness assumption works well. However, for a liquid
droplet, the film thickness in a Leidenfrost system does not always
remain uniform. The previous study indicated that a large water
droplet (beyond twice the capillary length) in the Leidenfrost state
will be flat and but a small one (below the capillary length) will be
close to a spheroid.27 Thus, the film thickness under the large droplet
will be more uniform than the small one. Therefore, the uniform
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film thickness assumption is only appropriate for the liquid droplets
whose radii are beyond twice of its capillary length.

Moreover, the temperature distribution inside the vapor film
is commonly considered as linear27,28,30,35 in previous models. Here,
we found that the temperature distribution in the vapor film cannot
simply be regarded as linear, and it depends on the Jakob num-
ber (Ja) of vapor film. If the Jakob number is lower than 0.25, the
temperature distribution can be regarded as linear; otherwise, a non-
linear distribution is more appropriate. We have demonstrated this
nonlinear behavior in the Leidenfrost phenomenon of a liquid nitro-
gen droplet on a smooth silicon surface at room temperature, and we
believe that this nonlinear effect can be more remarkable in a hot-
ter silicon surface (higher Ja number). In the future, we will work
on adding such experiments into our future studies with a better
theoretical model.

It is worth mentioning that our theoretical model will be inac-
curate when the object has a tower-like shape (a, b ≪ c), as the
evaporation/sublimation from the free surface will dominate that in
the vicinity of the substrate. When the dimension of the levitated
object (a or b) is close to the thickness of vapor film (δ), for example,
at the later stages of object vaporization, our model will also break
down since the lubrication approximate will be no longer applicable.

Although the geometry examined in this theoretical work
implies that vapor is released by the object evaporation, it can also
be applied to the case where the substrate produces the vapor, for
example, an aqueous droplet on the surface of liquid nitrogen26 or
a water droplet on a dry ice substrate.25 The same analysis holds by
simply moving the origin of the coordinate system to the bottom of
the substrate and inverting the y-axis toward the substrate.

We anticipate that the proposed model offers guidelines for
investigating Leidenfrost phenomena and even design new Lei-
denfrost phenomena. Through the theories, we could conveniently
determine the temperature distribution in the vapor film of a Leiden-
frost phenomenon, as well as design a new Leidenfrost system with
linear or nonlinear temperature profile, which has great importance
for the Leidenfrost phenomenon related applications, including drag
reduction,36 self-propulsion,6 and energy conversion.11

VI. CONCLUSION
In this work, we investigated the role of Jakob number in the

Leidenfrost phenomena by presenting a theoretical model wherein
the vapor film thickness, temperature, pressure, and velocity pro-
files can be obtained analytically. The dimensionless temperature
was found to only depend on the evaporation Ja number of the
object. If the Ja number is below 0.25, the temperature distribution
can be approximated as linear. The model was validated by exam-
ining the evaporation rate of a dry ice slab on the water and the
mass variation of a liquid nitrogen droplet on a smooth silicon sur-
face. This study could provide guidance for investigating Leidenfrost
phenomena and related applications.
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